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1 Introduction 


For sets E and F we write E F li there exists a bijective mapping f : E ^ F. 
The standard dehnition of a set A being hnite is that A ^ [n] for some n G N, where 
N = {0,1,... } is the set of natnral numbers, [0] = 0, and [n] = {0,1,..., n — 1} 
for each n G N \ {0}. 

This seems straightforward enough until it is perhaps recalled how much effort is 
required to give a rigorous dehnition of the sets [m], m G N. Moreover, it is often 
not that easy to apply. For example, try giving, without too much thought, a 
proof of the fact that any injective mapping of a hnite set into itself is bijective. 

A more fundamental objection to the standard dehnition is its use of the inhnite 
set N, which might even give the impression that hnite sets can only be dehned 
with the help of such a set. This is certainly not the case and in what follows we 
are going to work with one of several possible dehnitions not involving the natural 
numbers. The dehnition introduced below is usually called Kuratowski-finiteness 
[3] and it is essentially that employed by Whitehead and Russell in Principia 
Mathematica mi- We will also make use of a characterisation of hnite sets due to 
Tarski [9]. There are similar approaches which also appeared in the hrst decades 
of the previous century and excellent treatments of this topic can be found, for 
example, in Levy |6] and Suppes [8]. 

These notes aim to give a gentle account of one approach to the theory of hnite 
sets without making use of the natural numbers. They were written to be used 
as the basis for a student seminar. There are no real prerequisites except for a 
certain familiarity with the kind of mathematics seen in the hrst couple of years 
of a university mathematics course. In particular, only naive set theory will be 
encountered here and so it is not assumed that the reader has taken a course on 
axiomatic set theory. We assume that the reader has heard of the axiom of choice. 
This is not involved when dealing only with hnite sets. Its use will be pointed out 
on the couple of occasions when a statement (involving inhnite sets) depends on 
this axiom. 

There is one important point which should be mentioned. We will be dealing with 
mappings dehned on the collection of all hnite sets and this collection is too large 
to be considered a set, meaning that treating it as a set might possibly lead to 
various paradoxes. Such a large collection is called a class and in particular the 
class of all hnite sets will be denoted by Fin. However, as far as what is to be 
found in these notes, there is no problem in treating classes as if they were just 
sets. 

It could be objected that, after having rejected the inhnite set N as a means 
of introducing hnite sets, we now resort to objects which are so large that they 
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cannot even be considered to be sets. But mappings defined on classes can make 
sense without involving an infinite set. An important example is the mapping 
a : Fin —)■ Fin defined by cr(A) = AU {A} for each finite set A. This mapping a 
will form the basis for defining the finite ordinals. 

The power set of a set E, i.e., the set of all its subsets, will be denoted by V{E) 
and the set of non-empty subsets by Vo{E). If is a set and 5 is a subset of V{E) 
then will be used to denote the set of subsets in S which are proper subsets of 
E. 

Finite sets will be defined here in terms of what is known as an inductive system, 
where a subset S of V{E) is called an inductive E-system if 0 G 5 and FU{e} G S 
for all E G S^, e & E\E. In particular, V{E) is itself an inductive F^-system. 

The definition of being finite which will be used here is the following; in, m- 


A set E is defined to be finite if V{E) is the only inductive i?-system. 


In Theorem 11.11 we show that the above definition of being finite is equivalent to 
the standard definition given in terms of the natural numbers. 

Lemma 1.1 The empty set 0 is finite. Moreover, for each finite set A and each 
element a ^ A the set A U {a} is finite. 

Proof The empty set 0 is finite since V{0) = {0} is the only non-empty subset 
of V{0). Now consider a finite set A and a ^ A. Put B = AU {a} and let TZ be 
an inductive i?-system. Then S = TZr\V{A) is clearly an inductive A-system and 
thus S = V{A) (since A is finite), i.e., V{A) C TZ. Moreover, A' U {a} G TZ for all 
A' G 'P(A), since TZ is an inductive 5-system and V{A) C TZ. This implies that 
TZ = V{B) and hence that 5 = A U {a} is finite. □ 

Note that an arbitrary intersection of inductive 5-systems is again an inductive 
5-system and so there is a least inductive 5-system (namely the intersection of 
all such inductive 5-systems. Thus if the least inductive 5-system is denoted by 
Xo(5) then a set 5 is finite if and only if Xo(5) = 5(5). 

The set of finite subsets of a set 5 will be denoted by Fin(5). 

Lemma 1.2 For each set 5 the least inductive E-system is exactly the set of finite 
subsets of E, i.e., Xo(5) = Fin(5). In particular, a set 5 is finite if and only if 
every inductive E-system contains 5. 
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Proof By Lemma [LT] Fin(i?) is an inductive i?-system and hence Po{E) C Fin(£'). 
Conversely, if A G Fin(i?) then A G V{A) = Xq{A) C Xq{E) and therefore also 
Fin(i?) C Xq{E). In particular, it follows that if every inductive i?-system contains 
E then E G Xq{E) = Fin(i?), and hence E is hnite. Clearly if E is hnite then 
E G V{E) = Xq{E) and so every inductive L^-system contains E. □ 

Proposition 1.1 Every subset of a finite set A is finite. 

Proof By Lemma [1.21 Fin(74) = V{A), and hence every subset of A is hnite. □ 

We next show that the dehnition of being hnite employed here is equivalent to 
the standard dehnition. To help distinguish between these two dehnitions let us 
call sets which are hnite according to the standard dehnition N-finite. Thus a set 
A is N-hnite if and only if there exists a bijective mapping h : [n] ^ A for some 
n G N. (When working with this dehnition we assume the reader is familiar with 
the properties of the sets [n], n G N.) 

Theorem 1.1 A set is finite if and only if it is 'H-finite. 

Proof Let A be a hnite set and let S = {B G V{A) : B is N-hnite}. Clearly 
0 G iS, so consider B G 5^, let a E A \ B and put B' = B U {a}. By assumption 
there exists n G N and a bijective mapping h : [n] ^ B and the mapping h can 
be extended to a bijective mapping h' : [n + 1] ^ B' by putting h'{n) = a; hence 
B' G S. It follows that S is an inductive ^-system and hence S = V{A), since A 
is hnite. In particular A E S, i.e., A is N-hnite. This shows that each hnite set is 
N-hnite. 

Now let A be N-hnite, so there exists n G N and a bijective mapping h : [n] —)■ A. 
Let S be an inductive A-system. For each fc G [n -f-1] = [n] U {n} put Ak = h{[k]). 
Then Aq = h(0) = 0, An = h{[n]) = A and for each k E [n] 

Ak+i = h{[k + 1]) = h{[k]) U h{{k}) = AkU {a^} , 

where au = h{k). Thus Aq = 0 E S and if Afc G 5 for some k G [n] then also 

Ak+i = Ak A {ttk} E S, since S is an inductive A-system. This means that if we 
put J = {k E [n + 1] : Ak E S} then 0 G J and fc -|- 1 G J whenever k E J for some 

k E [n]. It follows that J = [n + 1] (insert your own proof of this fact here) and 

in particular n E J, i.e., A = An E S. This shows that every inductive A-system 
contains A and therefore by Lemma 11.21 A is hnite. □ 

There is a further characterisation of hnite sets due to Tarski [9] which will be 
very useful for establishing properties of hnite sets. If C is a non-empty subset of 
V{E) then C E C is said to be minimal ii D ^ C for each proper subset D of C. 
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Proposition 1.2 A set E is finite if and only if each non-empty subset ofV{E) 
contains a minimal element. 

Proof Let A be a finite set and let S be the set consisting of those elements 
B G V{A) such that each non-empty subset of V{B) contains a minimal element. 
Then 0 G iS, since the only non-empty subset of V{0) is {0} and then 0 is the 
required minimal element. Let B & and a & A \ B, and C be a non-empty 
subset of V{B U {a}). Put V = C H V{B)] there are two cases: 

(a) B ^ 0. Here "D is a non-empty subset of V{B) and thus contains a minimal 
element D which is then a minimal element of C, since each set in C \ "D contains 
a and so is not a proper subset of D. 

(/9) V = 0 (and so each set in C contains a). Put T = {C <Z B ■. C VJ {a} G C}; 
then is a non-empty subset of V{B) and thus contains a minimal element E. It 
follows that E' = E U {a} is a minimal element of C: A proper subset of E' has 
either the form C with C G E, in which case C ^ C (since each set in C contains 
a), or has the form C U {a} with C a proper subset of E and here C U {a} ^ C, 
since C ^ E. 

This shows that B U {a} G S and thus that S is an inductive A-system. Hence 
S = 'P(A) and in particular A E S, i.e., each non-empty subset of V{E) contains 
a minimal element. 

Conversely, suppose E is not finite and let C = {C G 'P(T^) : C is not finite}; then 
C is non-empty since it contains E. However C cannot contain a minimal element: 
If D were a minimal element of C then D ^ 0, since 0 is finite. Choose d E D] 
then D \ {d} is a proper subset of D and thus D \ {d} ^ C, i.e., D \ {d} is finite. 
But then by Lemma [TTT] D = {D\ {d}) U {d} would be finite. □ 

If C is a non-empty subset of V{E) then C G C is said to be maximal ii C = C 
whenever C eC with C C C C E. 

Proposition 1.3 If A is finite then every non-empty subset C ofV{A) contains 
a maximal element. 

Proof The set P = {A \ C : C G C} is also a non-empty subset of V{A) and 
therefore by Proposition 11.21 it contains a minimal element which has the form 
A \ C with C E C. Hence {D E C : C C D G A} = {C} and so C is maximal. □ 


We end the Introduction by outlining some of the main results to be found in these 
notes. 
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In Section |2] we establish the basic properties of hnite sets. Most of these simply 
conhrm that hnite sets are closed nnder the usnal set-theoretic operations. More 
precisely, if A and B are hnite sets then their union A U B, their product Ax B 
and B^ (the set of ah mappings from A to B) are ah hnite sets. Moreover, the 
power set P(A) is hnite and fProposition II.ip any subset of a hnite set is hnite. 

Apart from these closure properties there are two properties which depend crucially 
on the set involved being hnite. The hrst is given in Theorem 12.11 which states 
that if A is a hnite set and / : A —)■ A is a mapping then / is injective if and only 
if it is surjective (and thus if and only if it is bijective). 

Theorem 12.11 implies the set N of natural numbers is inhnite (i.e., it is not hnite), 
since the successor mapping s : N —)■ N with s(n) = n -|- 1 for all n G N is injective 
but not surjective. 

If E, F are any sets then we write E ^ F it there exists a bijective mapping 
f : E ^ F. A direct corollary of Theorem 12.11 (Theorem 12.2p is that if i? is a 
subset of a hnite set A with B k, A then B = A. 

The second important property involving hnite sets is Theorem 12.31 which states 
that if A and E are sets with A hnite and if there exists either an injective mapping 
/ : —>■ A or a surjective mapping f : A ^ E then E is hnite. 

Recall that Fin denotes the class of all hnite sets (which is itself too large to be 
considered a set). In Section [3] we introduce what will be called an assignment of 
hnite sets in a triple I = (X, /, xq), where X is some class of objects, / : X — )■ X 
is a mapping of the class X into itself and Xq is an object of X. Such a triple will 
be called an iterator. The results in this section will will be applied in Section H] to 
dehne the hnite ordinals. In this case (X, /, xq) = (Fin, a, 0), where cr : Fin —> Fin 
is the mapping given by cr(A) = A U {A} for each hnite set A. 

The archetypal example of an iterator whose hrst component is a set is (N, s, 0), 
where the successor mapping s : N —)■ M is given by s(n) = n + 1 for each n G N. 
However, we will also be dealing with examples in which the hrst component is a 
hnite set. Let I = (X, /, xq) be an iterator. A mapping a; : Fin —)■ X will be called 
an assignment of finite sets in I if u(0) = Xq and a;(A U {a}) = f{u{A)) for each 
hnite set A and each element a ^ A. 

For each hnite set A denote the cardinality of A by |A| (with |A| dehned as usual in 
terms of N). Then it is clear that the mapping | • | : Fin —)■ N dehnes an assignment 
of hnite sets in (N, s, 0) and that this is the unique such assignment. 

Theorem 13.11 states that for each iterator I there exists a unique assignment u of 
hnite sets in I and that if A and B are hnite sets with A ^ B then u}{A) = uj{B). 
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Let Xq = {x E X ■. X = uj{A) for some finite set A}. A subclass Y of X is said to 
be f-invariant if /(?/) G Y for all y E Y. Lemma 13^ shows that Xq is the least 
/-invariant subclass of X containing xq. 

The iterator I is said to be minimal if the only /-invariant subclass of X containing 
Xq is X itself, thus I is minimal if and only if Xq = X. In particular, it is easy to 
see that the Principle of Mathematical Induction is exactly the requirement that 
the iterator (N, s, 0) be minimal. If I is minimal then Lemma [3.41 implies that for 
each X E X there exists a hnite set A with x = u{A). 

The iterator I will be called proper if Bi ^ B 2 whenever Bi and B 2 are hnite sets 
with u{Bi) = u{B 2 ). If I is proper then by Theorem 13.11 i?i B 2 holds if and 
only if uj{Bi) = u{B 2 ). 

I will be called a Peano iterator if it is minimal and N-like, where N-like means 
that the mapping / is injective and Xq ^ /(X). The Peano axioms thus require 
(N, s, 0) to be a Peano iterator. 

Theorem 13.21 states that a minimal iterator is proper if and only if it is a Peano 
iterator. A corollary is Theorem 13.31 (the recursion theorem for Peano iterators). 
It states that if I is a Peano iterator then for each iterator J = {Y,g,yo) there 
exists a unique mapping tt : X — )■ X with 7r(xo) = yo such that n o f = g o tt. The 
Peano axioms require (N, s, 0) to be a Peano iterator and hence for each iterator 
J = (Y,g,yQ) there exists a unique mapping vr : N —?• X with 7r(0) = yo such that 
TT o s = g o TT. Theorem 13.41 shows that if I is minimal then the class X is a hnite 
set if and only if I is not proper. 

Theorem 13.61 is a result which guarantees the existence of mappings ’dehned by 
recursion’. It states that if I = (X,/, xq) is a Peano iterator, X and Z are classes 
and f3 : X X Y -E Z and a :XxYxZ^Z are mappings then there is a 
unique mapping vr : X x X -E Z with 7i{xo,y) = (3{y) for al\ y E Y such that 
'^{f{x),y) = a{x,y,Tr{x,y)) for aWx E X,y E X. 

Let I = (X, /, Xq) and J = (X, g, yo) be iterators; a mapping /i : X —)■ X is called a 
morphism from I to J if /r(xo) = yo and g o p, = fio f. This will also be expressed 
by saying that /r : I —)■ J is a morphism. The iterators I and J are said to be 
isomorphic if there exists a morphism /i : I —>■ J and a morphism z/ : J —>■ I such 
that pop = idjf and pop = idy. In particular, the mappings p and p are then both 
bijections. The iterator I is said to be initial if for each iterator J there is a unique 
morphism from I to J. Theorem 13.31 (the recursion theorem) thus states that a 
Peano iterator is initial. Let I be initial and vr : I —>■ J be the unique morphism. If 
J is initial then tt is an isomorphism and so I and J are isomorphic. Conversely, if 
TT is an isomorphism then J is initial. This shows that, up to isomorphism, there is 
a unique initial iterator. Of course, this is only true if an initial iterator exists, and 










1 Introduction 


(N, s, 0) is an initial iterator. In fact, in Section H] we will exhibit another initial 
iterator Oq = (O, (Tq, 0) which is dehned only in terms of hnite sets and makes no 
use of the inhnite set N. The elements of O are the hnite ordinals. 

Theorem 13.71 is a result of Lawvere [5] which shows the converse of the recursion 
theorem holds. That is, an initial iterator I = {X, /, xq) is a Peano iterator. 

In Section 0] we study hnite ordinals using the standard approach introduced by 
von Neumann HD]. Let cr : Fin —)■ Fin be the mapping given by (t{A) = AU {^4} 
for each hnite set A. If we iterate the operation a starting with the empty set and 
label the resulting sets using the natural numbers then we obtain the following: 

0 = 0 , 

1 = a(0) = 0 U {0} = 0 U {0} = {0}, 

2 = a(l) = lU{l} = {0}U{l} = {0,l}, 

3 = a(2) = 2 U {2} = {0,1} U {2} = {0,1, 2}, 

4 = a(3) = 3 U {3} = {0,1, 2} U {3} = {0,1, 2, 3}, 

5 = a(4) = 4 U {4} = {0,1, 2, 3} U {4} = {0,1, 2, 3,4}, 

n + 1 = a{n) = nU {n} = {0,1, 2,..., n — 1} U {n} = {0,1, 2,..., n} . 

Denote by O the iterator (Fin,(j, 0). Then by Theorem 13.11 there exists a unique 
assignment g of hnite sets in O. Thus p : Fin —)■ Fin is the unique mapping 
with p(0) = 0 and such that g{A U {a}) = a{g{A)) for each hnite set A and each 
element a ^ A. Moreover, if A and B are hnite sets with A ^ B then g{A) = g{B). 
Theorem 14.11 states that g{A) ^ A for each hnite set and thus g{A) = g{B) if and 
only a A ^ B. Let O = {B G Fin : B = g{A) for some hnite set A]. The elements 

of O will be called finite ordinals. Thus for each hnite set A there exists a unique 

o & O with o = g{A). By Lemma 13.41 O is the least cr-invariant subclass of Fin 
containing 0. Let uo : O —)■ O be the restriction of a to O. Then Oq = (O, cq, 0) 
is a minimal iterator. 

In fact,Theorem 02] shows thatOo is a Peano iterator. Thus by the recursion 
theorem it follows that for each iterator J = {Y, g, yo) there exists a unique mapping 
7 T : X ^ Y with 7r(0) = j/q such that tt o a = g o 71. 

Proposition 14.1! states that for each hnite set A 

g{A) = {o G O : o = g(A') for some proper subset A of A}. 

It follows that if A is a hnite set and B 0 A] then g{B) C g{A). t also follows 
that for each o E O 


o = {o' E O : o' is a. proper subset of o}. 









1 Introduction 


9 


(t(o) = {o' G O : o' is a subset of o}. 

Proposition 14.41 states that if o, o' E O with o 7 ^ o', then either o is a proper subset 
of o' or o' is a proper subset of o. 

We also look at two further Peano iterators Uq and Vq- They have nothing to 
do with ordinals, except that the iterator Oq is involved in their dehnition. What 
they have in common with the iterator Oq is that they are dehned ’absolutely’ 
and are in fact constructed solely from operations performed on the empty set 
0 . The hrst of these iterators is the minimal iterator obtained from the iterator 
V = (Fin,/5, 0 ), where the mapping /3 : Fin —)■ Fin is given by I3{A) = {A} for each 
hnite set A. 

Except for being a Peano iterator the iterator Vq has none of the properties enjoyed 
by Oq. It corresponds to the perhaps most primitive method of counting by 
representing the number n with something like n marks, in this case the empty 
set enclosed in n braces. 

We can improve the situation somewhat by applying Theorem 13.51 to the iterator 
Vo- This results in the iterator U = (Fin, a, 0), where the mapping a : Fin — Fin 
is given by a{A) = { 0 } U I3{A) for each hnite set A. The corresponding minimal 
iterator Uo = {U, ao, 0 ) is a Peano iterator and it has the property that if u, v E U 
with u ^ V then either u is a proper subset of u or u is a proper subset of u. 

Theorems and 13.41 imply that for a minimal iterator I = (X, /, xq) there are 
two mutually exclusive possibilities: Either I is a Peano iterator or X is a hnite 
set. In Section |5] we deal with case when X is a hnite set. 

Let I = (X,/, xo) be a minimal iterator with X a hnite set. For each x E X 
let Xx be the least /-invariant subset of X containing x and let fx '■ Xx -E Xx 
be the restriction of / to Xx- Thus = {Xx,fx,x) is a minimal iterator. An 
element x G X is said to be periodic if x G fx{Xx) and so by Proposition 13.31 and 
Theorem 12.11 .x is periodic if and only if fx is a bijection. Theorem 15.II states that: 

(1) Let Xp = {x G X : x is periodic}. Then Xp is non-empty and Xx = Xy for 
all X, y E Xp. Thus / maps Xp bijectively onto itself. 

(2) Let Xtv = {x G X : x is not periodic} and suppose X^ ^ 0. Then / 
is injective on X^ and there exists a unique element u G X^ such that f{u) is 
periodic. Moreover, there exists a unique element v E Xp such that f{v) = f{u) 
and u and v are the unique elements of X with u ^ v such that f{u) = f{v). 

Statement (1) corresponds to the elementary fact that a mapping / : X —)■ X with 
X a hnite set is eventually periodic. 
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In Section [ 6 ] we show how an addition and a multiplication can be dehned for any 
minimal iterator. These operations are associative and commutative and can be 
specihed by the rules (aO), (al), (mO) and (ml) below, which are usually employed 
when dehning the operations on N via the Peano axioms. 

Let I = {X, f, xq) be a minimal iterator with u the assignment of hnite sets in I. 
Theorem 16.11 states that there exists a unique binary operation © on X such that 

oj{A) © oj{B) = oj{A U B) 

whenever A and B are disjoint hnite sets. This operation © is both associative 
and commutative, x©Xo = x for all x G X and for all Xi, X 2 G X there is a x G X 
such that either xi = X 2 © x or X 2 = xi © x. Moreover, © is the unique binary 
operation © on X such that 

(aO) X © Xo = X for all x G X. 

(al) X © /(x') = /(x © x') for all x, x' G X. 

If / is injective then the cancellation law holds for © (meaning that Xi = X 2 
whenever Xi © x = X 2 © x for some x G X). 

If Xo G /(X) then by Theorem 13.41 and Proposition 13. 4I X is hnite and / is bijective 
and here (X, ©,xo) is the cyclic group.generated by the element /(xq). 

Theorem 16.21 states that there exists a unique binary operation © on X such that 

oj{A) ® uj{B) = ijj{A X B) 

for all hnite sets A and B. This operation © is both associative and commutative, 
X © Xo = Xo for all X G X and x © /(xq) = x for all x G X with x ^ Xq (and so 
/(xo) is a multiplicative identity) and the distributive law holds for © and ©: 

X © (xi © X 2 ) = (x © Xi) © (x © X 2 ) 

for all X, Xi, X 2 G X. Moreover, © is the unique binary operation on X such 
that 

(mO) X © Xo = Xo for all x G X. 

(ml) X © /(x') = X © (x © x') for all x, x' G X. 

We also look at the operation of exponentiation. Here we have to be more careful: 
For example, 2 ■ 2 ■ 2 = 2 in Z 3 and so 2^ is not well-dehned if the exponent 3 is 
considered as an element of Z 3 (since we would also have to have 2° = 1). However, 
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2^ does make sense if 2 is considered as an element of Z 3 and the exponent 3 as 
an element of N. 

In general it is the case that if JJ = (Y, g, yo) is a Peano iterator then we can dehne 
an element of X which is ‘x to the power of i/’ for each x E X and each y eY and 
this operation has the properties which might be expected. 

Let J = iY,g,yo) be a Peano iterator with u' the assignment of hnite sets in J. 
(As before I = {X, f,, a:o) is assnmed to be minimal with 00 the assignment of 
hnite sets in I.) Also let 0 and 0 be the operations given in Theorems 16.11 and 
16.21 for the iterator I. 

Theorem 16.31 states that there exists a nniqne operation X xY —)■ X snch that 

=uj{A^) 

for all hnite sets A and B. This operation 'I' satishes 

Xt {yi® 1/2) = (a; t yi) (8 (a: 1 2/2) 
for all T G X and all yi, y 2 ^Y and 

(xi 0 xa) 11/ = {xi 11/) ® {X2 t y) 

for all Xi, X 2 E X and y eY . Moreover, is the nniqne operation snch that 

(eO) a; 1 2/0 = /(^^o) for all x E X. 

(el) X t g{y) = x {x ^ y) for a\\ x E X, y E Y. 


In Section [7] we give alternative proofs for Theorem 16.11 and Theorem 16.21 


For a given hnite set A Section |H] looks at the gronp S^ of bijective mappings 
(J : A —)■ A (with fnnctional composition o as gronp operation and id^ as identity 
element. The elements of 5^1 are called permutations. 

An element r of Sa is a transposition if there exist b, c E A with b ^ c snch that 

{ c ii X = b , 
b if X = c , 

X otherwise . 


Denote by Fa the mnltiplicative gronp {0, —} with 0-0 = — • — = 0 and 
— • 0 = 0 • — = —. For each element s G Fa the other element will be denoted by 
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—s. A mapping a : Sa —!■ F 2 is a signature if cr(idA) = + and cr(r o /) = —a{f) 
for each f E Sa and for each transposition r. 

Theorem 18 .1 1 gives a proof of the fundamental fact that there is a unique signature 
cr : Sa ^ F 2 and that a is then a group homomorphism. 

Let • be a binary operation on a set X, written using inhx notation, so xi • X 2 
denotes the product of xi and X 2 . The large majority of such operations occurring 
in mathematics are associative, meaning that (ti • 2 : 2 ) • x^ = xi • {x 2 • 2 : 3 ) for 
all Xi, X 2 , X 3 E X. If • is associative and Xi, X 2 , ■ ■ ■, x^ E X then the product 
2:1 • 2:2 • • ■ ■ • is well-dehned, meaning its value does not depend on the order in 
which the operations are carried out. 

This result will be established in Section [HI We hrst dehne a particular order of 
carrying out the operations. This is the order in which at each stage the product 
of the current hrst and second components are taken. For example, the product 
of the 6 components Xi, X 2 , x^, X 4 , x^, Xq evaluated using this order results in the 
value •( 2 : 1 ,..., 2 : 6 ) = (((((ail• 3 ^ 2 )* 313 ) • 214 )• 2 : 5 ) • 2 ; 6 ). In general, the corresponding 
product of n terms will be denoted by •( 2 : 1 ,... ,Xn)- Theorem 19.11 states that if 
• is associative then •( 2 : 1 ,..., Xm, Xm+i, • • •, Xn) = a • (3, where a = •(xi,..., Xm) 
and (3 = •{xm+i, ■ ■ ■ ,Xn)- This is a weak form of the generalised associative law, 
although it is one which is often all that is needed. 

Theorem 19.21 gives the general form of the generalised associative law and states 
that if • is associative then •(xi,..., x„) = •k(xi, ..., x„) for each M from the set 
of prescriptions describing how the operations are carried out. The main task is 
to give a rigorous dehnition of this set. We do this using partitions of intervals of 
the form {fc G Z : m < fc < u} in which each element in the partition is also an 
interval of this form. 

By a partition of a set S we mean a subset Q of Vo{S) such that for each s E S 
there exists a unique Q E Q such that s E Q. Thus, different elements in a 
partition of S are disjoint and their union is S. 

Consider the product ((xi •X 2 ) • ((X 3 •X 4 ) •Xs)). The order of operations involved 
here can described with the help of the following sequence of partitions of the set 
{1,2,3,4,5}: 

{{1},{2},{3},{4},{5}} 

{{1},{2},{3,4},{5}} 

{{1,2},{3,4},{5}} 

{{1,2},{3,4,5}} 

{{1,2, 3,4,5}} 
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For each of these partitions (except the last one) the next partition is obtained by 
amalgamating two adjacent partitions. Corresponding to these partitions there is 
a seqnence of partial evalnations: 

{{Xi}, {Xa}, {Xg}, {X4}, {xs}} 

{{xi}, {xa}, {(xg • X4)}, {xg}} 

{{(xi • Xa)}, {(xg • X4)}, {xs}} 

{{(xi • Xa)}, {((xg • X4) • X5)}} 

{{((xi • Xa) • ((xg • X4) • X5))}} 

and the hnal expression is essentially the prodnct we started with. 

For each hnite set A and each B C A denote the set {C G V{A) : C ~ B} by 
AAB. The set AAB plays the role of a binomial coefficient: If |y4| = n (with |y4| 
the nsnal cardinality of the set A) and \B\ = k then 1^4 Ai?| = In Section flU] 
we establish resnlts which correspond to some of the nsnal identities for binomial 
coefficients. 

If A, B and C are hnite sets then we write C k, All B ii there exist disjoint sets 
A' and B' with A ^ A', B ^ B' and C ^ A' U B'. Theorem 110.11 corresponds to 
the identity nsed to generate Pascal’s triangle. It states that if A 

is a hnite set, 5 is a proper snbset oi A, a ^ A and h E A\B then 

(AU{a}) A(5U{a}) ^ {AAB)U{AA{B[J{b})). 

If C is a hnite set then, as before. Sc denotes the gronp of bijections h : C ^ C. 
If B is a snbset of a hnite set A then Ib,a denotes the set of injective mappings 
k : B ^ A. Theorem 110.21 states that if i? is a snbset of a hnite set A then 
lB,A-iAAB) X Sb. 

Theorem 110.31 states that if 5 is a snbset of a hnite set A then S^ ~ Ib,a x Sa\b- 
Theorem 110.41 corresponds to the nsnal expression for binomial coefficients: 

f n\ n\ 

\m J ml ■ (n — m)\ 

and states that if i? is a snbset of a hnite set A then Sa x {A A B) ^ Sb x Sa\b- 
Theorem 110.51 corresponds to the following identity for binomial coefficients: 

f n\ /m\ fn\ f n — k\ 

\m J \ k J \k J \m — kj 

It states that if A, B and C are hnite sets with C <Z B <Z A then 

{AAB) X {B AC) ^ {A AC) X {{A\C) A{B\C)) . 
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In Section [m we prove Dilworth’s decomposition theorem |2] by modifying a proof 
due to Galvin [3] to work with the present treatment of hnite sets. This theorem 
states that if < is a partial order on a hnite set A then there exists a chain-partition 
C oi A and an antichain D such that D ^ C. 

Finally, in Section [T2] we give a further characterisation of a set being hnite. This 
can be seen as having something to do with enumerating the elements in the set. 
Let E he a. set. A subset U of V{E) is called an E-selector 0 ^lA and for each 
U there exists a unique element e E E\U such that U U {e} Eli. If W is an 
F'-selector then a subset V of W is said to be invariant if 0 G V and ifldU{e} G V 
for all V E where e is the unique element of E \ V with V U {e} G li. In 
other words, a subset V of W is invariant if and only if it is itself an i?-selector. An 
£^-selector li is said to be minimal if the only invariant subset of W is W itself. A 
minimal F'-selector containing E will be called an E-enumerator. 

Theorem 112.11 states that an F^-enumerator exists if and only if E is hnite and 
Theorem 112.21 then shows that if A is a hnite set then an A-selector is minimal if 
and only if it is totally ordered and thus it is an A-enumerator if and only if it is 
totally ordered. This implies that every A-enumerator is totally ordered. 

For each A-selector lA \ef eu '■ IE ^ A and Su '. U'^ —)-W\{0 } be the mappings 
with eii{U) = e and Sii{U) = U U{e}, where e is the unique element in A\ f/ such 
that U U {e} G U. Proposition 112. ll states that if li is an A-enumerator then the 
mappings Su : ^ U \ {0} and eu : ^ A are both bijections. In particular, 

if U and V are A-enumerators then W ~ V. (This means, somewhat imprecisely, 
that any A-enumerator contains one more element than A.) 

If U is an A-enumerator then for each U eU the set U P\V{U) will be denoted by 
Uu. Note that, as far as the dehnition of is concerned, Uu is considered here 
to be a subset of V{U) and so Ufj = {U' E U ■. U' \s a proper subset of U}. liy is 
in fact a t/-enumerator. 

Theorem 112.31 states that if li and V are any two A-enumerators then there exists 
a unique mapping vr : W —)■ V with 7r(0) = 0 such that 7r(WP) C and that 
7 i{su{U)) = Sv{ 7 i{U)) for all U G U^. Moreover, the mapping tt is a bijection and 
7r(A) = A. 

Now let I = (X,/, xo) be an iterator with the hrst component X a set. Then 
Proposition 112.51 shows that if U is an A-enumerator then there exists a unique 
mapping au ■ K ^ X with au{0) = Xq such that au{su{U)) = f{au{U)) for all 
U E UP. 

Theorem 112.51 then states that for each A-enumerator U we have au{A) = a;(A) 
where u is the assignment of hnite sets in I. 

We end the Introduction with the following important fact: 
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Lemma 1.3 For each set A there exists an element a not in A. In particular, if 
A is finite then by Lemma [7771 A U {a} will also be finite. 

Proof In fact there must exist an element in V{A) \ A. If this were not the case 
then V{A) C A, and we could dehne a surjective mapping f : A ^ by 

letting /(x) = X if X G V^A) and /(x) = 0 otherwise. But by Cantor’s diagonal 
argument (which states that a mapping f : X 'Pi^) cannot be surjective) this 
is not possible. □ 



2 Finite sets 


Recall that a set A is defined to be finite if V{A) is the only indnctive A-system, 
where a snbset S of the power set V{A) is an indnctive A-system if 0 G iS and 
B U {a} G S for all B G a ^ A \ B (and where denotes the set of snbsets 
in S which are proper snbsets of A). 

In this section we establish the basic properties of finite sets. Most of these simply 
confirm that finite sets are closed nnder the nsnal set-theoretic operations. More 
precisely, if A and B are finite sets then their nnion AU B, their prodnct Ax B 
and B^ (the set of all mappings from A to B) are all finite sets. Moreover, the 
power set 'P{A) is finite and fProposition II.ip any snbset of a finite set is finite. 

Let ns first say something abont mappings between finite sets. Let f : X ^ Y 
be a mapping (with X and Y arbitrary sets). Then the graph of f is the subset 
Tf = {{x,y) e X X Y : y = f{x) for some x G X} of V{X x Y). The set Tj has 
the property that for each x E X there exists a unique y E Y with y = f{x) and 
a set with this property will be called an X x Y-graph. Thus if / : X —)■ R is 
a mapping then Tj is an X x X-graph. Usually being a graph is taken as the 
definition of a mapping and so each X x X-graph G defines a mapping f : X ^ Y 
with of course Tf = G. But if A and B are finite sets and with the definition of 
being finite being used here we can be much more explicit about defining mappings 
from A to B. We assume that the following statements are valid for the mappings 
to be considered here: (The sets occurring below are all finite.) 

(1) If f : A ^ B is a mapping then to each a E A there is associated a unique 
element /(a) of B (the value of / at a). In particular, this implies that the set 
r f = {{a, b) E Ax B : b = f{a) for some a E A} is an ^4 x R-graph. It also implies 
that if A is non-empty then there can be no mapping f : A ^ 0. 

(2) Mappings are determined by their values, meaning that if f, g : A ^ B are 
mappings with /(a) = g{a) for all a G A then f = g. Equivalently, if Tj = T^ then 
f = 9- 

(3) For each set A there is the identity mapping id^ : A ^ A satisfying idA(a) = a 
for all a E A; these mappings are bijections. Note that id 0 : 0 —)■ 0 is the unique 
mapping / : 0 —)■ 0 (since mappings are determined by their values). 

(4) If / : A —)■ R and g \ B ^ G are two mappings then there is a mapping 
g o f : A ^ G (their composition) satisfying {g o /)(a) = g{f{a)) for all a E A. 

(5) If Ai and A 2 are disjoint and /i : Ai —)■ R and f 2 '■ A 2 ^ B are mappings 
then there is a mapping f : AiU A 2 ^ B satisfying /(oi) = /i(ai) if Oi G Ai and 
/( 02 ) = 72 ( 02 ) if 02 £ A 2 . In particular, if / : A —)■ R is a mapping and a ^ A 
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then / can be extended to a mapping f : AU {a} B with f\a) chosen to be 
any element in B. 

(6) If / : ^4 —)• i? is a mapping and C <Z A then there is the restriction mapping 
f\c -.C ^ B satisfying f\c{c) = /(c) for all ceC. 

(7) If / : A — )■ S is a mapping and C* is a hnite set with f{A) C C then there 
is the extension mapping /!*" : ^4 ^ C* satisfying f^^{a) = f{a) for all a E A. (If 
f : A ^ B and A' <Z A then as usual the set {/(c) : c E A'} is denoted by f{A').) 
In particular, for each hnite set B there is a unique mapping : 0 ^ B. This 
mapping is unique since mappings are determined by their values. 

(8) If /i : Ai —)■ Bi and /2 : ^2 —t B 2 are mappings then there is a mapping 
g : Ai X Bi ^ A 2 X B 2 satisfying g{{a,b) = (/i(a),/ 2 (a)) for all (a, 6) G Ai x Bi. 

(9) A mapping can be dehned by a formula involving a hnite number of cases 
(where hnite means an explicit number such as two or three). For example, if 
b, c E E with b c then a transposition t ■. E ^ E can be dehned by 

{ c if X = b , 
b if T = c , 

X otherwise . 

(10) The formula in (9) can also involve a mapping which has already been dehned. 
For example, if a ^ A, A' is a non-empty subset of A and f : AU {a} —)■ B has 
been dehned previously then a new mapping g ■. A ^ B can be dehned by 

if ce A\ A' , 

’ \f{a) ifceA'. 


We will see later in Proposition 12.61 that if G is an A x i?-graph then there is a 
mapping / : A —)■ i? obtained using only the above statements such that Tf = G. 
Thus for hnite sets being a graph could be taken as the dehnition of a mapping. 

We start by looking at a fundamental property which depends crucially on the 
set involved being hnite. One reason for presenting the result at this point is to 
convince the reader that the dehnition of being hnite employed here leads to rather 
straightforward proofs. 

Theorem 2.1 Let A be finite and f : A ^ A be a mapping. Then f is injective 
if and only if it is surjective (and thus if and only if it is hijective). 
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Proof We first show that an injective mapping is bijective. Let S be the set 
consisting of those B G V{A) having the property that every injective mapping 
p : B ^ B is bijective. Then 0 G iS, since the only mappings : 0 —)■ 0 is bijective. 
Let B E and a E A\B; consider an injective mapping p : B U {a} -E B U {a}. 
There are two cases: 

(a) p{B) C B. Then the restriction p\B : B ^ B of p to B is injective and hence 
bijective, since B E S. If p{a) E B then p{h) = p\Bip) = p(o) for some b E B, since 
p\B is surjective, which contradicts the fact that p is injective. Thus p{a) = a, and 
it follows that p is bijective. 

(/9) p{B) (f_ B. In this case there exists b E B with p{b) = a and, since p is 
injective, we must have p{c) E B for all c G i? \ {b} and p{a) E B. This means 
there is an injective mapping q : B ^ B dehned by letting 


f p{c) if c G i? \ {&} 
[ p{a) if c = 


and then q is bijective, since B E S. Therefore p is again bijective. 

This shows that B U {a} G S and thus that S is an inductive A-system. Hence 
S = V{A), since A is hnite. In particular, A E S and so every injective mapping 
f : A ^ A is bijective. 


We now show that a surjective mapping is bijective, and here let S be the set 
consisting of those elements B E V{A) having the property that every surjective 
mapping p : B ^ B is bijective. Then 0 E S, again since the only mapping 
p : 0 —)■ 0 is bijective. Let B E and a E A \ B] consider a surjective mapping 
p : B U {a} -E B U {a}. Let D = {b E B : p{b) = a}; there are three cases: 

(a) D = 0. Then p(a) = a, since p is surjective, thus the restriction p\B : B ^ B 
of p to B is surjective and hence bijective (since B E S), and this means p is 
bijective. 


(/9) D ^ 0 and p{a) E B. Here we can dehne a surjective mapping q : B B hy 
letting 


f p(c) if cE B\D , 
\ p{a) if cE D . 


Thus q is bijective (since B E S), which implies that D = { 6 } for some b E C and 
in particular p is also injective. 


(7) D ^ 0 and p(a) = a. This is not possible since then p{B \ D) = B and so, 
choosing any b E D, the mapping h \ B ^ B with 


g(c) = 


p(c) if c E B\D , 
b if c E D 
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would be surjective but not injective (since there also exists c E B \ D with 
p(c) = h). 

This shows that B U {a} G S and thus that S is an inductive A-system. Hence 
S = V{A), since A is hnite. In particular, H G iS and so every surjective mapping 
f : A ^ A is bijective. □ 

Note that Theorem 12.11 implies the set N of natural numbers is inhnite (i.e., it is 
not hnite), since the successor mapping s : N —)■ N with s(n) = n + 1 for all n G N 
is injective but not surjective. 

If E, F are any sets then we write E ^ F ii there exists a bijective mapping 
f : E ^ F. The following result is a direct corollary of Theorem 12.11 

Theorem 2.2 If B is a subset of a finite set A with B k, A then B = A. 

Proof There exists a bijective mapping f : A ^ B and the restriction f\B '■ B ^ B 
of / to H is then injective; thus by Theorem 12.11 f\B is bijective. But this is only 
possible if B = A, since if a E A \ B then /(a) ^ f\B{B). □ 

The form of the proof of Theorem 12.11 is repeated in practically every proof which 
follows: In general we will start with some statement P about hnite sets, meaning 
for each hnite set A we have a statement P(H). (For example, P(H) could be the 
statement that any injective mapping f : A ^ A is surjective.) The aim is then 
to establish that P is a property of hnite sets, i.e., to establish that P(^) holds for 
every hnite set A. To accomplish this we hx a hnite set A and consider the set 
S = {B G V{A) : P{B) holds} (recalling from Proposition ll.ll that each subset of 
A is hnite). We then show that S is an inductive H-system (i.e., show that P(0) 
holds and P{B U {a}) holds whenever B E and a E A \ B) to conclude that 
S = 'P(H), since A is hnite. In particular H G 5, i.e., P(H) holds. 

This template for proving facts about hnite sets can be regarded as a ‘local’ version 
of the following induction principle for finite sets which hrst appeared in a 1909 
paper of Zermelo m 

Theorem 2.3 Let P be a statement about finite sets. Suppose P{0) holds and 
that P(H U {a}) holds for each element a ^ A whenever P(H) holds for a finite 
set A. Then P is a property of finite sets, i.e., P(H) holds for every finite set A. 

Proof Let H be a hnite set and recall from Proposition 11.11 that each subset of A 
is hnite. Put S = {B E V{A) : P{B) holds}; then S is an inductive H-system and 
hence S = V{A). In particular H G 5, i.e., P(H) holds. □ 
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The above proof of Theorem 12.11 and nearly all the proofs which follow can easily 
be converted into proofs based on Theorem 12.31 As an example, we give two proofs 
of Proposition 12.11 below. Proofs based on Theorem 12.31 seem to be more elegant 
(although this really a matter of taste). However, we prefer to continue with the 
style used in the proof of Theorem 12.11 since such proofs are internal to the hnite 
set being considered, and thus appear to be more concrete. These proofs almost 
always end with a mantra of the form: 

It follows that S is an inductive A-system. Thus S = V{A), since A is finite. 
In particular, A 6 iS and so the statement about A holds. 

and this will be shortened to the following: 

It follows that S is an inductive A-system. Thus A G iS and so the statement 
about A holds. 

We now establish the usual properties of hnite sets mentioned above. The proofs 
are mostly very straightforward and, since they all follow the same pattern, they 
tend to become somewhat monotonous. 

Proposition 2.1 If A and B are finite sets then so is AU B. 

Proof Consider the set S = {C G P(A) : C U H is hnite}. Then 0 G 5, since by 
assumption 0 U B = B is hnite and if C G (i.e., C* U i? is hnite) and a & A\C 
then by Lemma 11.11 (C U {a}) U B = {C U B) U {a} G S. If follows that S is an 
inductive A-system. Thus A G iS and so A U H is hnite. 

Here is a proof based on Theorem 12.31 Consider the hnite set B to be hxed and for 
each hnite set A let P(A) be the statement that AUH is hnite. Then P( 0 ) holds, 
since by assumption 0 U B = B is hnite. Moreover, if P(A) holds (i.e., A U H is 
hnite) and a ^ A then by Lemma [FT] (A U {a}) U H = (A U H) U {a} is hnite, i.e., 
P(A U {a}) holds. Thus by Theorem 12.31 A U H is hnite for every hnite set A. □ 


Proposition 2.2 Let A and E be sets with A finite. 

(1) If there exists an injective mapping f : E ^ A then E is also finite. 

(2) If there exists a surjective mapping f : A ^ E then E is again finite. 

(3) If E and E are any sets with E ^ E then E is finite if and only if E is. 
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Proof (1) Let S be the set consisting of those elements C G 'P{A) snch that if D 
is any set for which there exists an injective mapping p : D ^ C then D is finite. 
Then 0 G iS, since there can only exist a mapping p ■. D ^ 0 \i D = 0 and the 
empty set 0 is finite. Let C & and a & A\C. Consider a set D for which there 
exists an injective mapping p : D ^ C U {a}. There are two cases: 

(a) p{d) G C for all d & D. Here we can consider p as a mapping from D to C 
and as snch it is still injective. Thns D is hnite since C E S. 

(/5) There exists an element b E D with p{h) = a. Pnt D' = D \ {b}. Now since 
p is injective it follows that p{d) ^ a for all d E D', and thns we can define a 
mapping q : D' ^ C hy letting q{d) = f{d) for all d E D'. Then g ■. D' ^ C is 
also injective (since p : H —)■ C* U {a} is) and therefore D' is hnite since C E S. 
Hence by Lemma 11.11 D = D' VJ {6} is hnite. 

This shows that C U {a} G S and therefore S is an indnctive H-system. Thus 
A E S, which means that if there exists an injective mapping f : E ^ A then E 
is also hnite. 

(2) Let S be the set consisting of those elements C E P{A) such that if D is any 
set for which there exists a surjective mapping p ■. C ^ D then D is hnite. Then 
0 E S, since there can only exist a surjective mapping p : 0 ^ D if D = 0 and 
the empty set 0 is hnite. Let C E and a E A\C. Consider a set D for which 
there exists a surjective mapping p : C U {a} —)■ D. There are again two cases: 

(a) The restriction p^c : C —)■ H of p to C is still surjective. Then D is hnite since 
C G 5. 

{/3) The restriction p|c is not surjective. Put b = p{a) and D' = D \ {b}. Then 
p(c) 7 ^ b for all c G C (since f\c is not surjective) and therefore we can dehne a 
mapping q : C ^ D' hj letting g(c) = p(c) for all c E C. But p : (7 U {a} -E- D is 
surjective and hence q : C ^ D' is also surjective. Thus D' is hnite since C E S 
holds, and so by Lemma 11.11 D = D' 0 { 6 } is hnite. 

This shows that C U {a} G S and it follows that S is an inductive H-system. Thus 
H G iS, which means that if there exists a surjective mapping f : A ^ E then E 
is also hnite. 

(3) This is now clear. □ 


Proposition 2.3 If A is a finite set then so is the power set V{A). 


Proof Let S be the set consisting of those elements B G P(H) for which the power 
set V{B) is hnite. Then by Lemma [LT] 0 G S, since V{0) = {0} = 0 U {0}. 
Thus consider B E and a E A\B. Then V{B U {a}) = V{B) U Va{B), where 
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Va{B) = {C U {a} : C G V{B)}, and the mapping C i—)■ C U {a} from V{B) to 
Va{B) is surjective. It follows from Proposition 12.21 (2) that Va{B) is finite and so 
by Proposition 12.II 'Pfjj U {a}) is hnite, i.e., B U {a} G S. This shows that S is an 
inductive A-system. Hence H G iS and so the power set V{A) is hnite. □ 


Proposition 2.4 If A and B are finite sets then so is their product Ax B. 

Proof Consider S = {C G V{A) : C x B is hnite}. Then 0 G 5, since 0 xB = 0. 
Let C E and a E A\C. Then {C U {a}) x B = {C x B)0 ({a} x B) and by 
Proposition 12.21 (2) {a} x B is hnite since the mapping f : B ^ {a} x B with 
f{b) = (a, b) for all 6 G i? is surjective. Thus by Proposition 12.11 (C U {a}) x B 
is hnite, i.e., C U {a} G S. This shows that S is an inductive H-system. Hence 
H G iS and so H x H is hnite. □ 

Proposition 2.5 If A and B are finite sets then so is B^, the set of all mappings 
from A to B. 

Proof Dehne a mapping 7 : B^ — V{A x B) by letting 

7(/) = {a,b) E A X B : b = f{a) for some a E A } . 

Let f, g E B^ with 7 (/) = 'y{g) and let a E A. Then (a,/(a)) G 7 (/) and 
so (a,/(a)) = {a',g{a') for some a' E A, since 7 (/) = 7 ( 5 '). Thus a = a' and 
/(a) = g{a') = g{a) and so /(a) = g{a) for all a E A, i.e., f = g. This shows that 
7 is injective and hence by Propositions 12 . 1112.21 ill and 12.31 is hnite. □ 

Note that in this proof the only property of B^ that has been used is that mappings 
are determined by their values, meaning that if /, G B^ with /(a) = g{a) for all 
a E A then f = g. 

Recall that if A and B are hnite sets then G <zP{Ax B) is an H x R-graph if for 
each a E A there exists a unique b E B with (a, b) E G. In particular, if / : H —)■ R 
is a mapping then the set Tf = {{a, b) E A x B : b = f (a) for some a G H} is an 
A X R-graph. 

Proposition 2.6 Let A and B be finite sets. Then for each A x B-graph G there 
exists a unigue mapping f : A ^ B such that G = Vf. 
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Proof The uniqueness is clear since mappings are determined by their values . For 
the existence consider the the subset S oiV{A) consisting of those C <Z A having 
the property that for each C x S-graph G there exists a mapping f : C ^ B with 
Tf = G. Then 0 G iS, since 0 is an 0 x 5-graph, there is a mapping p : 0 ^ B 
and 0 = Tp. 

Thus let G E S^, c G A\ {c}, put G' = GU {c} and let G be a C" x 5-graph. Then 
G' = G r\V{G x5) isaG x 5-graph and so there exists a mapping h : G ^ B 
with G' = T/i, since G E S. Extend h to a mapping h' : G' = G U {c} —)■ 5 
by letting h'{c) = d, where d is the unique element of 5 with (c, 6) G G. Then 
T/j/ = G, which shows that G' G S. Thus S is an inductive A-system and hence 
A E S. Therefore for each A x 5-graph G there exists a mapping f : A ^ B such 
that G = rf. □ 


Proposition 2.7 Let A, 5 and G be finite sets, let f : G ^ A be a surjective 
mapping and let g : G ^ B be a mapping. Then there exists a mapping h ■. A ^ B 
with g = h o f if and only if g{c) = g{c') whenever c, d E G with f{c) = f{d). 
Moreover, if h exists then it is unigue. 

Proof Suppose hrst that there exists f : A ^ B with g = ho f. li c, d E G with 
/(c) = f{d) then g{c) = h{f{c)) = h{f{d)) = g{d) and so g{c) = g{d) whenever 
/(c) = f{d). Moreover, h{f{c)) = g{c) for each c E G and / is surjective and 
hence h is uniquely determined by / and g. 

Now suppose that g{d) = g{d) whenever c, d E G are such that /(c) = f{d). Let 

G = {{a,h) E A X B ■. there exists c G G with a = /(c) and b = g{d)} . 

Let a E A] then a = /(c) for some c E G, since / is surjective and then (a, b) E G 
with b = g{d). For each a E A there thus exists at least one b E B with (a, b) E G. 
But if also (a, 6') G G then there exists d E G with a = f{d) and b' = g{d). In 
particular /(c) = f{d) and so b = g{c) = g{d) = b', i.e., b = b'. Hence for each 
a E A there exists a unique b E B with (a, b) E G, which shows that G is an H x 5- 
graph. Therefore by Proposition 12.61 there exists a unique mapping h : A ^ B 
such that G = T/j. This means that G = {(a, b) E A x B : h{a) = b}. Let c E G] 
then (/(c), h(/(c))) G G. But also {f{c),g{c)) E G and there is a unique b E B 
such that (/(c), 6 ) G G. Hence g{c) = h{f{c)) and therefore g = ho f. □ 


Proposition 2.8 Let A and 5 be finite sets and let f : A ^ B be a bijection. 
Then there exists a unigue mapping f~^ : B ^ A such that f~^ o / = idA and 
f o f~^ = ids. Moreover, f~^ is a bijection. 
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Proof Let S denote the set of subsets C oi A for which there exists a unique 
mapping ff} : f{C) ^ C such that f\c o = id/(c) and o fc) = idc and so 
in particular 0 E S. Let C E and a E A\C] put C = C A {a}. We have the 
unique mapping ff} ■. f{C) such that f\c o ff} = id/(c) and ff} o fc) = idc 
and can dehne ff}, : f{C') —>■ C by letting = /|c^(d) if d G /(C) and 

putting /|/.)(/(c) = c. Then ff}, : f{C') —)■ C is the unique mapping such that 
f\C' ° /|c' = i'i/ic') and f^, o /cq = idc' and hence C U {c} E S. Thus S is 
an inductive A-system, and therefore S = V{A), since A is hnite. In particular, 
A G iS. This shows that there exists a unique mapping : B ^ A such that 
f~^ o f = id^ and / o f~^ = id^. It is clear that f~^ is a bijection. □ 

Proposition 12.81 also follows from Proposition 12.61 If / : A —)■ i? is a bijection then 
for each b E B there exists a unique a E A with (a, 6) G P/. Therefore the set 
G = {(6, a) E B X A : {a,b) G P/} is a i? x A-graph and thus by Proposition 12.61 
there exists a unique mapping g ■. B ^ A with P^ = G and g is & bijection. 
Let a E A; then {a,f{a) G P/ and so (/(a), a) G Pg. Thus g{f{a)) = a, i.e., 
go f = id^. Let b E B; then (6, g{b)) E P^ and so {g{b), 6) G P/. Thus f{g{b)) = b, 
i.e., f o g = ids. Now g{f{a)) = a for all a G A and / is a bijection and hence g 
is uniquely determined by /.This shows that g = f~^. 

The next result holds for arbitrary sets E and F, the second statement then being 
the Cantor-Bernstein-Schroder theorem. (The hrst statement only holds in general 
assuming the axiom of choice.) As can be seen, the proofs for hnite sets are trivial 
in comparison to those for the general case. 

Theorem 2.4 Let A and B be finite sets. Then either there exists an injective 
mapping f : A ^ B or an injective mapping g ■. B ^ A. Moreover, if there exists 
both an injective mapping f : A ^ B and an injective mapping g ■. B ^ A then 
A ^ B. 

Proof Let S be the set consisting of those G G V{A) for which there either there 
exists an injective mapping p : G —>■ 5 or an injective mapping q : B ^ C. Then 
0 E S, since the only mapping p : 0 ^ B is injective. Let C E and let 
a E A\C. There are two cases: 

(a) There exists an injective mapping q : B ^ C. Then q is still injective when 
considered as a mapping from 5 to G U {a}. 

(/3) There exists an injective mapping p : G —?■ S. If p is not surjective then it can 
be extended to an injective mapping p' : GU{a} —)■ B (with p'(a) chosen to be any 
element in B\ /(G)). On the other hand, if p is surjective (and hence a bijection) 
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then the inverse mapping p ^ : B ^ C given in Proposition 12.81 is injective and so 
is still injective when considered as a mapping from B to C U {a}. 

This shows that B U {a} G S and thus that S is an inductive A-system. Hence 
H G iS and so there either exists an injective mapping / : H —)• H or an injective 
mapping g ■. B ^ A. 

Suppose there exists both an injective mapping f : A ^ B and an injective 
mapping g ■. B ^ A. Then f o g : B ^ B is an injective mapping, which by 
Theorem 12.11 is bijective. In particular / is surjective and therefore bijective, i.e., 
A^ B. □ 

For sets E and F we write E ^ F ii there exists an injective mapping f : E ^ F. 
Theorem 12.41 thus states that if A and B are hnite sets then either A ^ B or 
B ^ A and, moreover, that A ^ B and B < A both hold if and only it A ^ B. 

Lemma 2.1 Let A and B be finite sets with B ^ A. Then there exists a subset 
B' of A with B' ^ B. 

Proof There exists an injective mapping g : B ^ A. Put B' = g{B)-, then B' <Z A 
with B' K. B (since g as a mapping from B to B' is a bijection). □ 


Lemma 2.2 Let A and B be finite sets. Then there exists either a subset B' of 
A with B' K, B or a subset A' of B with A' ^ A. Moreover, if A ^ B then there 
exists either a proper subset B' of A with B' k, B or a proper subset A' of B with 
A' A. 

Proof By Theorem 12.41 either A P B or B P A. Thus by Lemma 12.11 there exists 
either a subset B' of A with B' k, B oi a subset A' of B with A' k, A. The hnal 
statement now follows from Theorem 12.21 □ 


Lemma 2.3 Let A' and B' be finite sets. Then there exist finite sets A and B 
with A ^ A' and B ^ B' and either B <Z A or A <Z B . 

Proof This follows directly from Lemma [2.21 □ 


Lemma 2.4 Let A and E be sets with A finite. Then there exists a set A' disjoint 
from E with A k, A'. 
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Proof Let S be the set of subsets B G V{A) for which there exists a set B' disjoint 
from E with B ^ B', and so 0 E S. Thus let B E and a E A \ B. Let B' 
be disjoint from E with B ^ B'. By Lemma 11.31 there exists an element b not 
in i? U B'. Then B' U {6} is disjoint from E and B U {a} k. B' VJ {6} and hence 
B U {a} G S. This shows that S is an inductive-A-system. Therefore A G 5, i.e., 
there exists a set A' disjoint from E with A ^ A'. □ 

Proposition 2.9 Let Ai and A 2 he finite sets. Then thee exist disjoint sets Bi 
and B 2 with Bi ^ Ai and B 2 ~ ^ 2 . 

Proof This follows immediately from Lemma 12.41 □ 

The next result can be seen as a version of the Axiom of Choice for hnite sets. 

Proposition 2.10 Let A and A' he finite sets and f : A ^ A' be a surjective 
mapping. Then there exists C <Z A such that the restriction f\c : C ^ A' is a 
bijection. 

Proof Let S be the set of subsets B oi A such that if p : i? —)■ 5' is a surjective 
mapping then there exists D <Z B such that the restriction p|£) ■. D ^ B' is a. 
bijection. Then 0 E S and so let B E S^, b E A \ B and p : B U {6} —)■ B' 
be a surjective mapping. Then p^B : B ^ B' \ {p{b)} is surjective and so there 
exists D C B such that p\D : D ^ B' \ {p{b)} is a bijection, since B E S. Put 
D' = Du{6}; then D' C BVJ{b} and p|£)/D' —)■ B' is a bijection. Thus DU{6} G S 
and hence S is an inductive A-system. This shows that if / : A —)■ A' is a surjective 
mapping then there exists C C A such that the restriction f\c : C —)■ A' is a 
bijection. □ 


Lemma 2.5 Let A and B he finite sets and f : A ^ B be a surjective mapping. 
Then there exists a mapping g -. B ^ A such that f o g = ids ■ (The mapping g is 
clearly injective. 

Proof By Proposition 12.101 there exists (7 C A such that f\c : (7 —?■ D is a bijection 
and by Proposition 12.81 there is the inverse mapping h -. B ^ C which we can 
consider as a mapping g -. B ^ A. Clearly f o g = ids. □ 


The next result is a kind of cancellation law for hnite sets. 
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Proposition 2.11 (1) If Ai, A 2 and A are disjoint finite sets with AjUA ^ ^4211^4 
then Ai ~ ^ 2 - 

(2) If Ai, A 2 and A are non-empty finite sets with AjX A A 2 X A then Ai ^ A 2 . 

Proof (1) Suppose Ai ^ A 2 . Then by Theorem 12.41 (and without loss of gener¬ 
ality) we can assume that there exists an injective mapping h : Ai ^ A 2 which is 
not surjective. This mapping h can be extended to a mapping h' : AiUA ^4211^4 
by putting h'{a) = a for all a E A. Then h' is injective but not surjective and 
hence AiU A ^ A 2 U A. 

(2) Again suppose Ai ^ A 2 and as in (1) can assume that there exists an injective 
mapping h \ Ai ^ A 2 which is not surjective. Let h' ■. Ai x A ^ A 2 x Ahe the 
mapping given by h'(ai, h) = (h(ai), h) for all Oi G Ai, a E A. Then h' is injective 
but not surjective and hence Ai x A A 2 x A. □ 


Proposition 2.12 Let E he an infinite set (i.e., E is not finite. Then for each 
finite set A there exists a finite subset C of E with C* ~ A. 

Proof Note that if C* is a finite subset of E then C E and CU{c} is also a finite 
subset of E for each c E E\C. Let A be finite set and let S denote the set of 
subsets B oi A for which there exists a finite subset C oi E with C ^ B. Clearly 
0 E S, thus consider B E let a G A \ 5 and put B' = B U {a}. Then there 
exists a hnite subset C of E with C ^ B, since B E S. Also C ^ B and so choose 
d E E\C. Thus C = CU {d} is a hnite subset of E with C' ^ Bj which shows 
that B' E S. Hence S is an inductive A-system and so A G iS. □ 

Recall that each set E the set of non-empty subsets of E is denoted by VfiE). 

Proposition 2.13 Let A be a non-empty finite set and let be the restriction 
of the equivalence relation ~ to Vo{A). Let £{A) he the set of equivalence classes. 
Then £{A) ^ A. 

Proof For each B E VfiA) let be the restriction of ~ to VfiB) and let £{B) 
be the set of equivalence classes. Also for D E Vq{B) let [D]b be the element of 
£{B) containing D. 

Put S = 0U{B E Po(A) : £{B) ^ B}. Consider B E with R 7 ^ 0 , let a G A\B 
and put C = i?U{a}. Since B E S there exists a bijective mapping a : B ^ £{.B) 
and we extend a to a mapping a' : C —)■ £{C) by letting a'{a) = [C]c and note 
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that [C]c consists of the single element {C}. Now C ^ D for aX\ D <Z B and 
so [C]c 4- Thus a' is injective. But a' is also surjective: By dehnition 

a' {a) = [C]c and so consider k G £{C) with k ^ [C]c and let D E k. Then 
D is a proper subset of C and thus there exists D' <Z B with D' k. D. Since a 
is surjective there exists d E B with a{d) = [D']b It follows that a{d) = [D]c. 
Hence a' is bijective which implies that C E S. This shows that S is an inductive 
H-system and thus Ae i.e., £{A) ^ A. n 

Some of the results in the following sections involve partial orders and for their 
proofs Proposition 12.141 below will be needed. Denote by B the set of boolean 
values {T, F}. 

A partial order on a set E is a. mapping <: E x E ^ M such that e < e for all 
e E E, ei < 62 and 62 < ei both hold if and only if ei = 62 , and ei < 63 holds 
whenever ci < 62 and 62 < 63 for some 62 E E, and where as usual Ci < 62 is 
written instead of < (ei, 62 ) = T. 

A partially ordered set or poset is a pair {E, <) consisting of a set E and a partial 
order < on F'. 

If (F, <) is a poset and F is a non-empty subset of F then d E D is said to be 
a <-maximal resp. <-minimal element of D if d itself is the only element e E D 
with d < e resp. with e < d. 

Proposition 2.14 If (F, <) is a poset then every non-empty finite subset of E 
possesses both a <-maximal and a <-minimal element. 

Proof Let A be a non-empty hnite subset of F and let S be the set consisting 
of the empty set 0 together with those non-empty B G V{A) which possess a 
<-maximal element. By dehnition 0 E S. Let B E and a E A \ B. We want 
to show that B' = FU{a} G S, and this holds trivially if F = 0 , since then a is 
the only element in B'. We can thus suppose that F 7 ^ 0 , in which case F has a 
<-maximal element b. If b < a then a is a <-maximal element of F' (since if a < c 
then b < c, thus b = c and so a = c). On the other hand, if 6 < a does not hold 
then b is still a <-maximal element of F'. In both cases F' possesses a <-maximal 
element and hence FU{a} = F' G S. This shows S is an inductive A-system and 
hence A G F, i.e., A possesses a <-maximal element. Essentially the same proof 
also shows that A possesses a <-minimal element. □ 

A partial order < on F is a total order if for all ei, 62 G F either ei < 62 or 62 < ei 
and then (F, <) is called a totally ordered set. If (F, <) is a totally ordered set and 
F is a non-empty subset of F then a <-maximal element d of F is a <-maximum 
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element, i.e., e < d for all e E D. Moreover, if a <-maximum element exists then 
it is unique. In the same way, a <-minimal element h of D is then a <-minimum 
element, i.e., d < e for all e & D, and if a <-minimum element exists then it is 
unique. 

If {E, <) is a totally ordered set then Proposition l2.Idl implies that every non-empty 
hnite subset of E possesses both a unique <-maximum and a unique <-minimum 
element. 

Lemma 2.6 For each finite set A there exists a totally ordered set {E, <) with 
E ^ A. 

Proof This is clear: Let ^4 be a hnite set for which there exists a totally ordered 
set {E, <) with E k. A and let a ^ A. Let e be an element not in E. We can 
extend < to a total order Ff on E' = E VJ {e} by dehning e to be the maximum 
element in {E\ <'). Then {E', <') is a totally ordered set with E' k. AVJ {a}. □ 

We end the section with a result which can be used as a replacement for certain 
kinds of proofs by induction. Let us start by describing the type of situation which 
is involved here. 

Suppose we are working with a set-up in which each hnite set comes equipped 
with some additional structure, so we are dealing with pairs (y4,T), where T is 
the structure associated with the hnite set A. For example, we might be interested 
in hnite partially ordered sets and in this case T would be a partial order dehned 
on A. It will be the case that for each pair {A, T) with ^4 7 ^ 0 and for each a & A 
there is an induced structure Ta on A \ {a}, resulting in a new pair {A \ {a}. To)- 
Now we would like to show that each such pair {A, T) has a certain property and 
a standard approach to tackling this kind of problem is to proceed by induction 
as follows: For each n G M let P(n) be the statement that the property holds for 
all pairs {A, T) with 1^41 < n (where 1^41 is the cardinality of A). It is usually clear 
that P(0) holds, thus take u G N \ {0} and assume P(n — 1) holds. Then in order 
to verify that P(n) holds it is enough to show that the property holds for each 
pair {A, T) with 1^41 = n. Let {A, T) be such a pair; then for each a E A the pair 
[A \ {a}, 7^) will have the property, since \A \ {a}| < n. But the crucial step is 
to choose the element a E A in a. way that allows us to deduce that (A, T) has 
the property from the fact that {A \ {a}, Ta) does, and the correct choice of a will 
clearly depend very much on the structure T and the property involved. 

Of course, the approach outlined above requires the natural numbers. However, 
this can be avoided with the help of the result which follows. As an example, it 
will applied in Section [TT] to give a proof of Dilworth’s decomposition theorem. 
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Proposition 2.15 Let A he a finite set and S be a subset of V{A) containing 
0 . Suppose that each non-empty subset F of A contains an element sp such that 
F e S whenever V{F \ {sf}) C S. Then S = V{A). 

Proof Let 5* consist of those B G V{A) for which [E G V{A) ■. E P B} <Z S. 
Thus -B G iS* if and only ii E & S for each E <Z A with E P B. We will show 
that iS* is an inductive A-system. It then follows that 5* = V{A) and hence that 
S = V{A), since 5* C S. 

To start with it is clear that 0 G iS*, since E P 0 is only possible with E = 0 
and 0 G iS. Thus let B E and a E A \ B; we want to show that B U {a} G 5* 
i.e., to show that if F G V{A) with F P BU {a} then F E S. li F BU {a} then 
F P B, and in this case F E S, since B E S^. On the other hand, ii F ^ B U {a} 
then F \ {si?} ~ B and B E 5*, and so in particular V{F \ {si?}) C S. Hence 
also F E S, i.e., S contains every subset F of H with F ^ F U {a}. Therefore 
B U {a} G iS*, which shows that iS* is an inductive H-system. □ 
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As mentioned in the Introduction we will be dealing with mappings dehned on 
the collection of all hnite sets. This collection is too large to be considered a 
set, meaning that treating it as a set could lead to various paradoxes. Such a 
large collection is called a class and in particular the class of all hnite sets will be 
denoted by Fin. However, as far as what will be found in these notes, there is no 
problem in treating classes as if they were just sets. 

In this section we introduce what will be called an assignment of hnite sets in a 
triple I = {X,f,xo), where X is some class of objects, / : X —)■ X is a mapping 
of the class X into itself and Xq is an object of X. Such a triple will be called 
an iterator. The results of this section will will be applied in Section 0] to dehne 
the hnite ordinals. In this case (X, /, xq) = (Fin, ct,0), where a : Fin — Fin is the 
mapping given by ct(A) = AU {A} for each hnite set A. 

The archetypal example of an iterator whose hrst component is a set is (N, s, 0), 
where the successor mapping s : N —?• N is given by s(n) = n + 1 for each n G N. 
However, we will also be dealing with examples in which the hrst component is a 
hnite set. In what follows let us hx an iterator I = (X, /, xq). 

A mapping u : Fin —)■ X will be called an assignment of finite sets in I or, when it 
is clear what I is, simply an assignment of finite sets if u(0) = xq and 

a;(AU{a}) = f{uj{A)) 

for each hnite set A and each element a ^ A. 

For each hnite set A denote the cardinality of A by |A| (with |A| dehned as usual in 
terms of N). Then it is clear that the mapping | ■ | : Fin ^ N dehnes an assignment 
of hnite sets in (N, s, 0) and that this is the unique such assignment. 

Let X be a class and let A : Fin —)■ X be a mapping. For each A G Fin let 
A^ : V{A) —)■ X be the restriction of A to V{A). Then the family of mappings 
{Aa : A G Fin}, is compatible in the sense that whenever A, H G Fin with B <Z A 
then Xb is the restriction of Aa to V{B), i.e., Ab(C) = Aa(C') for all C G 'P(B). 

Lemma 3.1 Let {Aa : A G Fin}, be a compatible family and define a mapping 
A : Fin —)■ X setting A(A) = Aa(A) for each A G Fin. Then Aa is the restriction 
of A to V{A) for each A G Fin. 

Proof This is clear, since if H G V{A) then X{B) = Xb{B) = Xa{B). □ 

In general, we assume that the following statements are valid for mappings between 
classes: 
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(1) Mappings are determined by their values. This implies in particular that the 
mapping A : Fin —)■ X dehned in terms of a compatible family, is unique. 

(2) For each class X there is a mapping idx : X —)■ X satisfying idx(a;) = x for 
all X E X. 

(3) If X, Y and Z are classes and f : X ^ Y and g : Y ^ Z are mappings then 
there is a mapping gof : X ^ Z (their composition) satisfying {gof){x) = g{f{x)) 
for all a: G X. 

We will also need the following which corresponds to Proposition 12.71 

Proposition 3.1 Let X, Y and Z be classes, let f : Z ^ X be a surjective 
mapping and let g : Z ^ Y be a mapping. Then there exists a mapping h : X ^ Y 
with g = h o f if and only if g{z) = g{z') whenever z, z' E Z with f{z) = f{z'). 
Moreover, if h exists then it is unique. 

Proof If we assume that there is a one-to-one correspondence between mappings 
and graphs then then the proof of Proposition 12.71 can be used. Without this 
assumption we can proceed as follows: Suppose hrst that there exists / : X —)■ X 
with g = hof. If z, z' E Z with f{z) = f{z') then g{z) = h{f{z)) = h{fz')) = g{z') 
and so g{z) = g{z') whenever z, z' E Z with (z) = f{z'). Moreover, h{f{z)) = g{z) 
for each z E Z and / is surjective and hence h is uniquely determined by / and g. 

Suppose conversely that g{z) = g{z') whenever z, z' E Z with f{z) = f{z'). For 
each X E X let Gx = {z E Z : f{z) = x}. Thus Gx 7 ^ 0, since / is surjective 
and li X ^ x' then Gx H Gx' = 0- Let S = {E E V{Z) : E = Gx for some x E X} 
and dehne r : X —)• T by r{x) = Gx for each x E X. Hence r is a bijection. 
Now if z, z' E r{x) then f{z) = f(z'} and so g{z) = g{z'). There is thus a 
mapping q : S ^ Y such that q{r[x)) = g{z), where 2 ; is any element in r(x) 
and note that g{z) does not depend on which element of r{x) is used. Dehne 
h -. X -E-Yhyh = qor and sohof = qorof. Let z E Z] then x = f{z) E X 
and thus r(x) = Gx E E. Hence q{Gx) = q{r[x)) = g{z), since 2 ; G r{x), i.e., 
{h o f){z) = g{z), which shows that ho f = g. □ 


Proposition 3.2 Let X and Y be classes and let f \ Y X be a bijection. 
Then there exists the inverse mapping f~^ : X —)• X. This is the unique mapping 
g -. X ^ Y satisfying g o f = idy and f o g = idx ■ 

Proof If we again assume that there is a one-to-one correspondence between map¬ 
pings and graphs then then the proof of Proposition 12.81 based on Proposition 12.61 
can be used. If not then we can proceed as follows: Let / : X —)■ X be a bijection. 
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Set Z = Y and so / : Z —>■ X is a bijection. Also put p : Z ^ Y = idy. If 
z, z' E Z with f{z) = f{z') then z = z', since / is a bijection and so p{z) = p{z'). 
Thus by Proposition 13.11 there exists a unique mapping g : X ^ Y such that 
P = 9 ° i-G-, with g o f = idy. Repeating the above construction with the 
bijection g : X ^ Y there exists a bijection f '.Y -E X such that f o g = idx- 
Then f' = fogo of = /, i.e., f = f. This shows that g = f~^. □ 


Theorem 3.1 (1) There exists a unique assignment u of finite sets in I. 

(2) If A and B are finite sets with A ^ B then uj{A) = u{B). 

Proof Let A be a finite set; then a mapping oja ■ T’(A) X will be called an 
A-assignment if a;^(0) = Xq and oja{B U {a}) = f{ujA{B)) for each proper subset 
B oi A and each a E A\B. 

Lemma 3.2 For each finite set A there exists a unique A-assignment. 

Proof Let A be a hnite set and let S be the set consisting of those B E V{A) 
for which there exists a unique R-assignment. Then 0 E S, since the mapping 
U 0 V{0) ^ X with a;0(0) = xo is clearly the unique 0-assignment. 

Let B E SP with unique R-assignment cob, and let a G A \ R; put R' = R U {a}. 
Now V{B') is the disjoint union of the sets V{B) and {C U {a} : C C R} and 
so we can dehne a mapping ojb' '■ V{B') — )■ X by letting ujb'{C) = ojb{C) and 
ub'{C U {a}) = f{uB{C)) for each C <Z B. Then ub'{0) = (Xb{0) = tq, and so 
consider C C B' and b E B' \ C. There are three cases: 

The first is with C C B and b E B\C' and here 

UJBfiC U {6}) = UJb{C' U {6}) = f{uJB{C')) = fiuB'iC)) . 

The second is with C G B and b = a. In this case 

UBfiC U {b}) = UB'iC' U {a}) = fMC')) = fiuBfiC')) . 

The final case is with C = C U {a} for some C G B and b E B \ C, and here 

UBfiC' U {6}) = cjBfiC U {a} U {6}) = ficjBiC U {b})) 

= fifiooBiC))) = fMC U {a})) = fMC')) . 

In all three cases u!b'{C' U {6}) = f{uB'{C'), which shows ub' is a R'-assignment. 
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Now let oj'q, be an arbitrary i?'-assignment. In particular uj'^i{CU{h}) = /(a;^/(C)) 
for all C C i? and all 6 G S \ C, and from the uniqueness of the S-assignment ujb 
it follows that uj'^i{C) = ujb{C) and thus also that 

u:'b,{C U {a}) = f{u:'B,{C)) = fMC)) = ojB'iC U {a}) 

for all C C B, i.e., oj'^, = ujb'- Hence B U {a} G S. 

Therefore S is an inductive H-system and thus H G iS. This shows there exists a 
unique H-assignment. □ 


Lemma 3.3 If A, B E Fin with B C A; then the unique B-assignment ub is the 
restriction of the unique A-assignment oja to V{B). 

Proof This follows immediately from the uniqueness of □ 

Lemma 13731 shows that the family {ua : H G Fin} is compatible and therefore there 
there exists a unique mapping a; : Fin — )■ X such that ua is the restriction of uj 
to V{A) for each H G Fin. In particular, oj{A) = uja{A) for each A G Fin. Thus 
a;(0) = 000 ( 0 ) = Xq and if H G Fin and a ^ A then by Lemma 

uj(A U {a}) = ujA 0 {a}(A U {a}) = f(u;Au{a}(A)) = = f(uj(A)) . 

Hence u is an assignment of hnite sets in I. For the uniqueness consider an 
arbitrary assignment u' of hnite sets in I. Then for each A G Fin the restriction 
of u' to V(A) is an H-iterator and thus equal to ua- It follows that u' = u. This 
shows that there is a unique assignment u of hnite sets in I. 

(2) We must show that if A and B are hnite sets with Ak, B then oj{A) = u{B). 
Let H be a hnite set and S be the set consisting of those C G V{A) for which 
oj{C) = oj(B) whenever i? is a hnite set with B k, C. Then 0 E S, since B k, 0 
if and only if i? = 0 . Consider C E and a E A\C, and let i? be a hnite set 
with B C 0 {a}; thus H 7 ^ 0 , so let b E B. Then B' = B \ { 6 } C and hence 
u(B’) = uj(C). Thus u(B) = u(B’ U {b}) = f(u(B')) = f(uj(C)) = uj(C U {a}). 
This shows that C U {a} G S. Therefore S is an inductive H-system and so H G 5, 
i.e., oj{A) = oj(B) whenever A k. B. This completes the proof of Theorem 13.11 □ 

For what follows it is necessary to determine the range of the assignment cu, this 
being the subclass Xq = {x E X : x = 00 (A) for some hnite set A} of X. A 
subclass y of X is said to be f-invariant if f(y) E Y for all y E Y. The next 
result shows that Xq is the least /-invariant subclass of X containing xq. 
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Lemma 3.4 Xq is an f-invariant subclass of X containing xq. Moreover, if X' 
is any f-invariant subclass of X containing xq then Xq C X'. 

Proof Clearly xq G Xq since Xq = lv(0). Thus let x G Xq, and so there exists a 
hnite set A with x = cj(A). By Lemma [1.31 there exists an element not in A] it 
then follows that oj{A U {a}) = f{u{A)) = f{x), which implies that f{x) G Xq. 
Hence Xq is /-invariant. Now let X' be any /-invariant subclass of X containing 
Xq. Let H be a finite set and let S = {B G V{A) : uj{B) G X'}. Then 0 G 5 since 
uj{0) = Xq E X'. Consider B E (and so uj{B) E X') and let a G H \ H. Then 
a;(i?U{a}) = f{oj{B)) E X', since X' is /-invariant, and hence HU {a} G S. Thus 
S is an inductive H-system and hence A E S, i.e., u}{A) E X'. This shows that 
uj{A) E X' for each hnite set A and it follows that Xq C X'. □ 

The iterator I is said to be minimal if the only /-invariant subclass of X containing 
Xq is X itself, thus I is minimal if and only if Xq = X. In particular, it is easy to 
see that the Principle of Mathematical Induction is exactly the requirement that 
the iterator (N, s, 0) be minimal. 

Note that the iterator Iq = (Xq, fo,xo) is always minimal, where /o : Xq ^ Xq is 
the restriction of / to Xq. 

For a minimal iterator Lemma 13.41 takes the form: 

Lemma 3.5 If I is minimal then for each x E X there exists a finite set A with 
X = u{A). Thus the mapping a; : Fin X is surjective. 

Proof This is a special case of Lemma 13.41 □ 

From now on we will make use of Lemma 11.31 (guaranteeing the existence of an 
element a not in a set A) without referring explicitly to this result. 

Proposition 3.3 Suppose I is minimal; then {xq} U /(X) = X. Thus for each 
X ^ Xq there exists an x' E X with x = f{x'). Moreover, the mapping f is 
surjective if and only if Xq E /(X). 

Proof For a general iterator the subclass ({xq} U /(X)) is always /-invariant and 
contains Xq. Thus, since I is minimal it follows that {xq} U /(X) = X. □ 

The iterator I will be called proper if Bi ^ B 2 whenever Bi and B 2 are hnite sets 
with u{Bi) = u{B 2 ). If I is proper then by Theorem 13.II 12) Bi ^ B 2 holds if and 
only if uj{Bi) = u{B 2 ). 
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Note that if I is proper then so is the minimal iterator Iq = (Xq, /o,xo). 

I will be called a Peano iterator if it is minimal and N-like, where N-like means 
that the mapping / is injective and xq ^ f{^)- The Peano axioms thus require 
(N, s, 0) to be a Peano iterator. If I is a Peano iterator then / is injective and so 
Proposition 13.31 implies that for each x ^ Xq there exists a unique x' E X with 
X = f{x'). 

Theorem 13.21 below states that a minimal iterator is proper if and only if it is a 
Peano iterator. This will be applied to prove the recursion theorem for Peano 
iterators. 

Theorem 3.2 A minimal iterator I is proper if and only if it is 'H-like, i.e., if 
and only if it is a Peano iterator. 

Proof Assume first that I is N-like. Let A be a finite set and let S denote the 
set of subsets B oi A such that B k, B' whenever B' <Z A with oj{B') = u{B). 
Let B <Z A with 5 7 ^ 0, let 6 G i? and put B' = B \ { 6 }. It then follows that 
uj{B) = u{B' U {6}) = f{u{B')), and so uj{B) 7 ^ xq, since xq ^ f{^)- Thus 
uj{B) 7 ^ 000), which shows that 0 E S, since 0 ^ B if and only if B = 0. 

Let B E and let a G A \ 5. Consider B' <Z A with oo{B') = oj{B U {a}); 
then uj{B') = f{u{B)) E f{X), hence uj{B') 7 ^ xq and so B' 7 ^ 0 . Let b E B' 
and put C = B' \ { 6 }; then f{u{C)) = uj{C U { 6 }) = oj{B') = f{u{B)) and thus 
co{C) = to{B), since / is injective, and it follows that C ^ B, since B E S. But 
B' = CU{b} with b ^ C, a ^ B and C ^ B, and therefore B' = CU{b} ^ i?U{a}. 
Hence B U {a} G S, which shows that S is an inductive A-system and thus that 
S = V{A). This implies that if Bi, B 2 are subsets of A with u{Bi) = u{B 2 ) then 
Bi ^ B 2 . 

Now let Bi and B 2 be arbitrary finite sets with u{Bi) = u{B 2 ). Applying the 
above with A = BiU B 2 then shows that Bi ~ i? 2 - Thus I is proper. 

For the converse we assume I is not N-like and show this implies it is not proper. 
Suppose hrst that Xq = /(x) for some x E X. By Lemma 1X51 there exists a hnite 
set A with x = oj{A) and there exists some element a not in A. Then AU {a} 7 ^ 0 
but u:{A U {a}) = /(a;(A)) = /(x) = xq = oj{0). Thus {X,f,xo) is not proper. 
Suppose now that / is not injective and so there exist x, x' E X with x 7 ^ x' and 
/(x) = /(x'). By Lemma [33] there exist finite sets A and B with x = oj{A) and 
x' = 00 {B) and by Theorem 12.41 and Lemma [2. II we can assume that B <Z A. Thus 
H is a proper subset of A, since oo{A) = x 7 ^ x' = u{B). Let a ^ A; then B U {a} 
is a proper subset of A U {a} and so by Theorem 12.21 B U {a} 7 ^ A U {a}. But 
u{B U {a}) = f{u{B)) = f ix') = /(x) = f{u{A)) = a;(A U {a}), which again 
shows I is not proper. □ 
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Here is the recursion theorem (which hrst appeared in Dedekind [Tj). 

Theorem 3.3 If I is a Peano iterator then for each iterator J = {Y, g, yo) there 
exists a unique mapping n : X ^ Y with ti{xo) = yo such that n o f = g o n. 

Proof As before let u be the assignment of hnite sets in I and denote the as¬ 
signment of hnite sets in J by u'. If A, B G Fin with oj{A) = oj{B) then by 
Theorem 13.21 A ^ B and therefore by Theorem 13.11 (2) u:'{A) = u'{B). Moreover, 
by Lemma 13.51 u is surjective and thus by Proposition 13.11 there exists a unique 
factor mapping n : X ^ Y such that 7 r(a;(A)) = u:'{A) for each A G Fin. In 
particular, ti^Xo) = 7i{u{0)) = u'{0) = yo. Let x G X; as above there exists a 
hnite set A with x = u}{A), and there exists an element a not contained in A. 
Hence 

n{f{x)) = 7i{f{u{A))) = 7r{u{A U {a})) 

= u'{A U {a}) = g{uj'{A)) = g{Tr{u{A))) = g{7r{x)) 

and this shows that vr o / = ^ o vr. 

The proof of the uniqueness only uses the fact that I is minimal: Let tt' : X —)■ H 
be a further mapping with 7r'(xo) = yo and such that vr' o / = g o Y and let 
X' = {x G X : 7r(x) = 7r'(x)}. Then Xq G X', since vr(xo) = yo = 7r'(xo), and if 
X G X' then 7r'(/(x)) = g{Y(x)) = (vr(x)) = 7r(/(x)), i.e., /(x) G X'. Thus X' is 
an /-invariant subclass of X containing xq and so X' = X, i.e., tt' = vr. □ 

The Peano axioms require (N, s, 0) to be a Peano iterator and hence for each 
iterator J = {Y,g,yo) there exists a unique mapping vr : N —)■ X with 7 r( 0 ) = yo 
such that 71 o s = g o n. 

Theorem 3.4 Let I be minimal; then the class X is a finite set if and only if I 
is not proper. 

Proof Suppose hrst that X is a hnite set. Since I is minimal Proposition 13.31 
states that / is surjective if and only if xq G /(X), and since X is a hnite set 
Theorem 12.11 implies / is surjective if and only if it is injective. Therefore either 
Xq G /(X) or / is not injective, which means that I is not M-like. It thus follows 
from Theorem 13.21 that I is not proper. This can also be shown directly without 
using Theorem 13.21 Assume hrst that Xq = /(x) for some x G X. By Lemma [3.51 
there exists a hnite set A with x = u}{A)] let a be some element not in A. Then 
A U {a} 9 ^ 0 but u{A U {a}) = /(a;(A)) = /(x) = Xq = u){0). Thus I is not 
proper. 
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Assume now that / is not injective and so there exist x, x' & X with x ^ x' and 
f{x) = f{x'). By Lemma 1331 there exist hnite sets A and B with x = oj{A) and 
x' = U}{B) and by Theorem 12.41 and Lemma [2. II we can assume that B <Z A. Thus 
B is a proper subset of A, since uj{A) = x ^ x' = uj{B). Let a ^ A] then B U {a} 
is a proper subset of A U {a} and so by Theorem 12.21 B U {a} ^ AU {a}. But 
uj{B U {a}) = f{u{B)) = f ix') = f{x) = f{uj{A)) = uj{A U {a}), which again 
shows (X, /, To) is not proper. 

Suppose conversely that I is not proper, so there exist hnite sets A and A' with 
a;(A) = oj{A') and A A'. Then by Lemma [2.21 and Theorem 13.31 there exist such 
subsets A and A' with A' a proper subset of A. We show that for each hnite set 
B there exists C C A with u}{C) = u{B). By Lemma [3.51 it then follows that the 
mapping ua '■ 'P(A) — )■ X with ua{B) = oj{B) for each i? C A is surjective, and 
hence by Proposition 12.21 (2) that X is a hnite set, since by Proposition 12.31 T^fAi 
is hnite. 

Thus let 5 be a hnite set; by Theorem 12.41 and Lemma [2.11 there exists a hnite set 
D with D Ri B and either D C Aoi A C D, and by Theorem 13. 11 121 u{D) = uj{B). 
li D (Z A then C = D is the required subset of A. It remains to show that if D is 
a hnite set with A Z D then there exists C C A with uj{C) = uj{D). 

Thus let D he a. hnite set with A Z D. Put D' = D \ A and let S be the set 
consisting of those E G V{D') for which there exists C C A with oj{C) = uj{A\JE). 
In particular 0 G S. Consider E E and so uj{C) = uj{A U E) for some C C A, 
let b E D' \ E. If C is a proper subset of A and a E A\C then C U {a} C A and 
u(C U {a}) = f{u{C)) = f{uj{A U E)) = a;(A U (LI U {&})). On the other hand, if 
C = A and a G A \ A' then A' U {a} C A and 

a;(AU(L;u{6})) = f{u{AuE)) = f{u{C)) = f{u{A)) = f{u{A')) = cn(A'U{a}) . 

Thus E U {6} G S, which shows S is an inductive D'-system. Therefore D' E S 
and hence there exists C C A with u{C) = a;(A U D') = u{D). □ 

Note that the proof of Proposition 12.21 (2) is still valid in the form we have used 
here: If there is a surjective mapping h : A —)■ X with A a hnite set and X a class 
then X is a hnite set. 

Theorems 13.21 and 13.41 imply that for a minimal iterator I there are two mutually 
exclusive possibilities: Either I is a Peano iterator or X is a hnite set. 

Proposition 3.4 Let I he minimal. If xq E /(X) then X is a finite set and the 
mapping f is bijective. 















3 Iterators and assignments 


39 


Proof Exactly as in the proof above the fact that xq G f{X) implies I is not 
proper, and thus by Theorem 13.41 X is a hnite set. Moreover, by Proposition 13.31 
/ is surjective, since xq G f{X), and therefore by Theorem 12.11 f is bijective, since 
X is a hnite set. □ 

The recursion theorem will now be applied to give another proof of the fact that 
the dehnition of a hnite set being used here is equivalent to the usual one. The 
usual dehnition of A being hnite is that there exists n G N and a bijective mapping 
h : [n] ^ A, where [0] = 0 and [n] = {0,1,..., n — 1} for n G N \ {0}. Moreover, 

if there is a bijective mapping h : [n] ^ A, then n is the cardinality of A, i.e., 

n = l^l, and so A ^ [ 1^1 ] each hnite set A. The problem here is to assign a 
meaning to the expression {0, 1 ,..., n — 1 }, and one way to do this is to make use of 
the fact that {0,1,... ,n} = {0,1,... ,n —l}U{n} and hence that [s(n)] = [n]U{n} 
for all n G N. The corresponding approach works with any Peano iterator I. 

We start with a general construction. For each class X let Fin(X) denote the class 
of all hnite subsets of X. 

Let I = {X, /, Xq) be an iterator and consider the iterator = (Fin(X), f^"^, 0 ) 

, where : Fin(X) —)■ Fin(X) is dehned by letting f^"^{A) = {xq} U f{A) 

for all A G Fin(X). Let u : Fin —)■ X be the assignment of hnite sets in I 

and F2 : Fin —)■ Fin(X) be the assignment of hnite sets in Moreover, let 

Iq'" = (Fin(X)o,/o 0) be the corresponding minimal iterator, so Fin(X)o is the 
least /'^'"-invariant subclass of Fin(X) containing 0 and /g^'" ; Fin(X)o -A Fin(X)o 
is the restriction of to Fin(X)o. Therefore by Lemma [3.41 

Fin(X)o = {U G Fin(X) : U = f 2 ( 74 ) for some hnite set A} . 

Theorem 3.5 Suppose that I is a Peano iterator. Then: 

(1) F 2 ( 74 ) A for each finite set A. Thus if A and B are finite sets then A k, B 
if and only ifQ{A) = Q{B). Moreover, 12(12(^4)) = f 2 ( 74 ) for each finite set A and 
n{U) = U for each U G Fin(X)o. 

(2) The minimal iterator Ig'" is a Peano iterator. 

(3) There exists a unique mapping [[•]] : X —)■ Fin(X)o with [[xq]] = 0 such that 
[[/"^'"(x)]] = [[x]] U {x} for all x G X. Moreover, x ^ [[x]] for each x G X. 

(4) F2(A) = [[a;(y4)]] for each finite set A. 

(5) A set A is finite if and only if A ^ [[x]] for some x G X. 

(6) If A is a finite set and a ^ A then U {a}) is the disjoint union of Q{A) 
and {a;(A)}. 
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(1) If B is a proper subset of a finite set A then fl{B) is a proper subset offl{A). 

(8) If U, V G Fin(X)o with U then either U is a proper subset of V or V is 
a proper subset of U. 

Proof (1) Let A be a finite set and let S = {B C A : ^1{B) ^ B} and so 0 G 5, 
since f2(0) = 0. Thus let B G S^, a ^ A \ B and put B' = B U {a}. Then 
n{B') = f'<^{n{B)) = {xo} u fin{B)). But f{n{B)) ^ n{B) ^ S, since / is 
injective and B E S. Also xq ^ /(Fin(X)) and this implies that Q{B') ^ B', i.e., 
B' G S. Hence S is an inductive A-system, and therefore f2(A) A. It follows 
immediately that H(H(A)) = H(A) for each finite set A and Q{U) = U for each 
U G Fin(X)o. 

(2) It now follows from (1) that the iterator is proper and hence that the 
minimal iterator Iq'" is a Peano iterator. 

(3) By the recursion theorem (Theorem 13.41) for the iterator I applied to the 
iterator there exists a unique mapping [[■]] : X —)■ Fin(X) with [[xq]] = 0 
and such that [[/(ic)]] = /'^'"([[x]]) = {xq} U /([[x]]) for all x G X and note that 
by Lemma ITTI [[X]] C Fin(X)o. Next let Xi = {x G X : [[/(x)]] = [[x]] U {x}}. 
Then [[/(xq)]] = {xq} U /([[a^o]]) = {aio} U /(0) = 0 U {xq} = [[xq]] U {xq} and so 
Xo G Xi. Let X G Xi; then 

[[/(/(^))]] = {^o} U /([[/(x)]] = {xo} U /([[x]]) U (xj) 

= (xo) U /([[[x]]) U {fix)} = [[fix)]] U {fix)} 

and so /(x) G Xi. Thus Xi is an /-invariant subclass of X containing xq and 
hence Xi = X, i.e., [[/(ai)]] = [[x]] U {x} for all x G X. The uniqueness of the 
mapping [[•]] : X Fin(X)o (satisfying [[xq]] = 0 and [[/(x)]] = [[x]] U {x} for 
all X G X) follows immediately from the fact that I is minimal. 

Now consider the subclass X 2 = {x G X : x ^ [N]}j particular xq G X 2 , 
since xo ^ 0 = [[xq]]- If x G X 2 then /(x) ^ /([[[x]]) (since / is injective) and 
fix) ^ {xo} (since xo ^ /(X)) and so /(x) ^ {xo} U /([x]) = [fix)]. Hence 
fix) G X 2 . Thus X 2 is an /-invariant subclass of X containing xq and therefore 
X 2 = X, i.e., X ^ [[x]] for all x G X. 

(4) Let A be a finite set and put S = {B G 'P(A) : H(i?) = [[a;(H)]]}. Then 
0 G iS, since [[a;(0)]] = [[xo]] = 0 = H(0). Thus consider B E and let 
a E A\B. Then 

MB U {a})]] = [[fiuiB))]] = MiMB)]]) = mm = m U {a}) 

and hence B U {a} G S. This shows S is an inductive A-system and so A G iS. 
Thus H(A) = [[a;(A)]] for each finite set A. 





3 Iterators and assignments 


41 


(5) If ^4 is a finite set then x = oj{A) G X and by (1) and (4) it follows that 

[N] = [['^(^)]] = ~ A. On the other hand, [[x]] is a hnite set for each x E X 

and so if A [[a:]] then A is hnite. 

(6) If A is a hnite set and a ^ A then by (4) 

0(A U {a}) = [[a;(/l U {a})]] = [[/(a;(A))]] = [[a;(/l)]] U = 0(/l) U {a;(/l)} 

and by ( 1 ) oj{A) ^ 0 (A), since A^ AU {a}. 

(7) Let S be a subset of a hnite set A, put C = A\B and let S denote the set of 
subsets D of C for which Q{B) C Q{BUD}. Then it follows immediately from (6) 
that S is an inductive O-system and thus C E S, i.e., Q(B) C 0(A). Moreover, if 
5 is a proper subset of A then by (1) Q(B) is a proper subset of 0(A). 

( 8 ) By Lemma 12.21 there exists either a proper subset A of 17 with A ^ V or a 
proper subset B of V with B ^ U. Assume the former holds. Then 0(A) = 0(17) 
and by (7) 0(A) is a proper subset of 0(f/) and hence by (1) 0(17) = 17 is a proper 
subset ofO(f/) = U. If the latter holds then the same argument shows that U is a 
proper subset of 17. □ 

If Theorem 13.51 is applied to the Peano iterator (N, s, 0) then it is easy to see that 
[[n]] = {0,1,..., n — 1} for each n e N. 

Theorem l3.5l will now be employed to obtain a result which guarantees the existence 
of mappings ’dehned by recursion’. 

Theorem 3.6 Let I = (X,/, tq) be a Peano iterator, let Y and Z be classes 
and let (d : Y -E- Z and a :XxYxZ^Z be mappings. Then there is a 
unique mapping n : X x Y -E- Z with n{xo,y) = (3{y) for all y E Y such that 
'^{f{x),y) = a(x, y, -k{x, y)) for allx E X, y E Y. 

Proof The notation is as in Theorem 13.51 Let Xq be the subclass of X consisting 
of those X E X for which there exist a unique mapping : [[/(a;)]] x Y ^ Z 
with nJxQ^y) = Biy) for all w G T and T^x{f{x'),y) = aix'y^Tiix'y)) for all 
x' E [[/(t)]], y eY. Now [[/(xq)]] = [[xq]] U {xq} = 0 U {xq} = {xq}. Thus 
T^xo • {a^o} xY^Z has to be dehned by 7 ixo{xo,y) = (3{y), which shows that 
Xq G Xq. Thus let X E Xq with unique mapping TTa, : [[/(x)]] x Y —)■ Z. Then 
[[/(/(x))]] is the disjoint union of [[/(x)]] and {/(x)} and so we have to dehne 
^f{x) ■ [[f{x)]] XY Z hj letting 7r/(,r)(x', y) = TTx{x',y) if x' E [[/(x)]] and 
'^fix){f{x),y) = a{x,y,7i{x,y)) for all y eY. It follows that /(x) G Xq and hence 
Xq is an /-invariant subclass of X containing xq. Hence Xq = X. Now dehne 






3 Iterators and assignments 


42 


71 : X X Y Z with by letting 7 i{x,y) = 7ix{x,y) for all x E X, y E Y. Then 
7 i{xo,y) = 7ixo{xo,y) = /3{y) for al\ y eY and ii x E X then 

T^{f{x),y) =7rf(x){f{x),y) = a{x,y,7r^(x){x,y)) 

= a{x,y,7rx{x,y)) = a{x,y,7r{x,y)) 

for all y E Y. Finally, if tt' is another mapping satisfying the conditions of the 
theorem then it easy to see that {x E X ■. 7i{x,y) = 7i{x,y) for all i/ G T} is a 
/-invariant subclass of X containing xq and hence Xo = X, i.e., tt' = tt. Therefore 
the mapping tt is unique. □ 

The following is a special case of Theorem 13.61 in which the class Y consists of a 
single element (and so it can be omitted from the statement of the theorem): Let 
I = (X, /, Xo) be a Peano iterator, let Z be a class, /3o E Z and a : X x Z ^ Z he 
a mapping. Then there is a unique mapping tt : X ^ Z with 7r(xo) = /do such that 
7 r(/(x)) = a{x, tt{x)) for all x E X. This is a common way of dehning a mapping 
by primitive recursion. 

Before going any further we need to be more explicit about the structure preserving 
mappings between iterators. In the following let I = (X, /, xq ) and J = {Y^g^yo) 
be iterators; a mapping p : X —)■ X is called a morphism from I to J if /i(xo) = yo 
and g o y = y o f. This will also be expressed by saying that /i : I —)■ J is a 
morphism. The recursion theorem thus states that if I is a Peano iterator then 
for each iterator J there exists a unique morphism : I ^ J. 

Lemma 3.6 (1) The identity mapping idx is a morphism from I to I. 

(2) Let K = (Z, h, zo) a further iterator. // /i : I —)■ J and i/ : J —)■ IK are 
morphisms then u o jj, is a morphism from I to K. 

Proof (1) This is clear, since idx(a:o) = Xq and / o idx = / = idx o /• 

(2) This follows since (z/ o ju)(xo) = z/(p(xo)) = r'(yo) = zq and 

/d o (z/ o /i) = (/3 o I/) o /i = (z/ o ^i) o /i = z/ o (^i o /i) = z/ o (p o /) = (z/ o /i) o / . □ 

If /i : I ^ J is a morphism then clearly /i o idx = tt = idy o p, and if p, z/ and r are 
morphisms for which the compositions are defined then (r o z/) o p = r o (z/ o p). 

Lemma 3.7 flj If I is minimal then there is at most one morphism /i : I ^ J. 

(2) // J is minimal and /i : I —)■ J is a morphism then y is surjective. 

(3) If 1 is minimal and /x :—)■ J is a morphism then y{X) = Yq, where Yq is the 
least g-invariant subclass ofY containing y^. 
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Proof (1) Let fi, fi' : I —>■ J be morphisms and let Xq = {x G X : /i(x) = /i'(x)}. 
Then xq G Xq, since /i(xo) = z^'(xo) = yo and if x G Xq then 

Pifix)) = g{p{x)) = g{y!{x)) = y'ifix)) 

and therefore /(x) G Xq. Hence Xq is an /-invariant snbclass of X containing xq 
and so Xq = X, i.e., y = y'. 

(2) Let To = : x G X}. Then = /i(xo) G Yq and if h = y{x) G Yq then 

g{h) = g{y{x)) = y{g{x)) G Yq. Tims Yq is a ^f-invariant snbclass of Y containing 
?/oand hence Yq = Y. This shows y is snrjective. 

(3) Let Xq = {x G X : y{x) G Xq}- Then Xq G Xq, since /i(xo) = |/o G Yq, and if 
X E Xq then y{f{x)) = g{y{x)) G Xq, since Yq is ^f-invariant. Therefore Xq is a 
/-invariant snbclass of X containing xq and hence Xq = X, i.e., y{X) C Yq. Now 
since y{X) C Yq we can consider y as a morphism yQ from I to Jo, where Jo is 
the corresponding minimal iterator, and by (2) yQ is snrjective. Bnt this implies 
that /i(X) = Xo- n 

The iterators I and J are said to be isomorphic if there exists a morphism /x : I —)• J 
and a morphism z/ : J —>■ I snch that u o y = idx and y o u = idy. In particnlar, 
the mappings y and u are then both bijections. 

Lemma 3.8 If y : I ^ J is a morphism and the mapping y : X ^ Y is a bijection 
then the inverse mapping y~^ : Y ^ X is a morphism from J to 1 and so I and 
J are isomorphic. 

Proof We have g = goyoy~^ = yofoy~^ and so y~^og = y~^oyofoy~^ = foy~^. 
Thns y~^ is a morphism from J to I, since also /x“^(i/o) = xq. □ 

The iterator I is said to be initial if for each iterator J there is a nniqne morphism 
from I to J. Theorem l3.3l fthe recnrsion theorem) thus states that a Peano iterator 

is initial. 

Lemma 3.9 (Let I he initial and vr : I —)• J he the unique morphism. 

(1) If J is initial then vr is an isomorphism and so I and J are isomorphic. 

(2) If TT is an isomorphism then J is initial. 

Proof (1) There exists a unique morphism r : J —)• I (since J is initial). Thus 
ro7 r:I—)-Iisa morphism. But idx : I —)■ I is also a morphism and there is a 
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unique morphism from I to I (since I is initial) and hence rovr = idx- In the same 
way TT o r = idy. Therefore tt is an isomorphism and so I and JJ are isomorphic. 

(2) Let IK be an iterator and fi \ I —)■ IK be the unique morphism. Then ji o is 
a morphism from J to IK. If i/ : J —)■ IK is any morphism then z/ o pi is a morphism 
from I to IK and thus z/ o vr = /i. Hence u = fi o and so there is a unique 
morphism from J to K, which shows that JJ is initial. □ 

Lemma (3.91 shows that, up to isomorphism, there is a unique initial iterator. Of 
course, this is only true if a initial iterator exists, and (N, s, 0 ) is an initial iterator. 
In fact, in Section 0] we will exhibit another initial iterator Oq = (O,ao,0) which 
is dehned only in terms of hnite sets and makes no use of the inhnite set N. The 
elements of O are the hnite ordinals. 

The following result of Lawvere [5] shows that the converse of the recursion theorem 
holds. 

Theorem 3.7 An initial iterator I = (X,/, xq) is a Peano iterator. 

Proof We hrst show that I is minimal, and then that it is hJ-like. 

Lemma 3.10 The initial iterator I is minimal. 

Proof Let Xq = {x E X ■. x = uj{A) for some hnite set A} of X, let /o : Xq —)■ Xq 
be the restriction of / to Xq, Then the iterator Iq = (Xq, /o, xq) is minimal and the 
inclusion mapping inc : Xq —>■ X dehnes a morphism from Iq to I. Let /i : I —)■ Iq 
be the unique morphism; then inc o p = idx, since by Lemma [3.61 inc o p and idx 
are both morphisms from I to I (and there is only one such morphism, since I 
is initial). In particular, inc is surjective, which implies that Xq = X, i.e., I is 
minimal. □ 


Lemma 3.11 The initial iterator I is N-like. 

Proof Let o be an element not contained in X, put X^ = X U {o} and dehne a 
mapping /^ : X^ —)■ X^ by putting /^(x) = /(x) for x G X and /o(o) = xq; thus 
lo = (Xo, fo, o) is an iterator. Since I is initial there exists a unique morphism 
/i : I —)■ lo- Consider the subclass X' = {x G X : /o(/i(x)) = x}; then xq G X', 
since foi^i^o)) = fo{o) = Xq and if x G X' then f^{^{x)) = x and so 


foWix))) = foifoiTix))) = fo{x) = /(x) , 
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i.e., f{x) G X'. Thus X' is a /-invariant subclass of X containing xq and hence 
X' = X, since by Lemma 13.101 fl is minimal. Thus /i(/(a:)) = fc,{fj,{x)) = x for all 
X E X, which implies that / is injective. Moreover, xq ^ f{X), since 

= foi^x)) j^o = ix{xo)) 
for all X G X. Hence I is N-like. □ 

This completes the proof of Theorem 13.71 □ 

We end the section with a couple of remarks about the case when I = (X, /, xq) is 
a Peano iterator with X an inhnite set. A set E is dehned to be Dedekind-infinite 
if there exists an injective mapping h ■. E ^ E which is not surjective, and so by 
Theorem 12.11 a Dedekind-inhnite set is in£nite,i.e., it is not hnite. The converse 
also holds (i.e., every infinite set is Dedekind-infinite) provided a suitable form 
of the axiom of choice is assumed. In models without the axiom of choice there 
can exist infinite sets which are Dedekind-hnite. If (X,/, xq) is a Peano iterator 
then the set X is Dedekind-inhnite. Conversely, if is a Dedekind-inhnite set 
and h : E ^ E is injective but not surjective and eo E E \ h{E) then {Eo,yo,eo) 
is a Peano iterator, where Eq is the least h-invariant subset of E containing cq 
and Uq : Eq ^ Eq is the restriction of h to Eq. Thus a Peano iterator whose hrst 
component is a set exists if and only if there exists a Dedekind-inhnite set. 

The following somewhat strange result can be found in [n] and in [9]. 

Proposition 3.5 Suppose that there exists a Dedekind-infinite set (for example, 
the set of natural numbers N is a such a set). Then a set A is finite if and only if 
V{V{A)) is Dedekind-finite. 

Proof Let I = (X, /, xq) be a Peano iterator (which exists since a Dedekind-inhnite 
set exists) and let u be the assignment of hnite sets in I. Now let E be an inhnite 
set and consider the mapping h : V{E) —)■ X given by h{A) = uj{A) if A is hnite, 
and h{Y) = xq if X is inhnite. If A is hnite then by Proposition 12.121 there exists a 
hnite subset C of E with C ~ A and thus by Lemma lT5] /j, is surjective. Hence there 
exists an injective mapping g : V{X) -E- V{V{E)). (If f : Y Z is any surjective 
mapping then the mapping g : 'P(Z) —)■ ViY) given by g(E) = f~^(E) for each 
E E V(Z) is injective.) There is then an injective mapping a : X —)• V(V(E)) 
given by a(x) = 5 '({x}) for all x G X. Therefore by Lemma 13. 12l below V(V(E)) is 
Dedekind-inhnite. On the other hand, if E is hnite then by Proposition \2.?)\ ViE'] 
and hence V(V(E)) is hnite, and so by Theorem fl.fW iViEY is Dedekind-hnite. 
Thus if there exists a Dedekind-inhnite set then a set A is hnite if and only if 
V(V(A)) is Dedekind-hnite. □ 
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Note that the assumption about the Dedekind-inhnite set is only needed to show 
that if Y is inhnite then V{V{Y)) is Dedekind-inhnite. But if Y is inhnite then in 
fact it can be shown that the class O of hnite ordinals is actually a set (and thus 
a Dedekind-inhnite set) and so the hypothesis is not actually needed. 

Lemma 3.12 A set containing a Dedekind-infinite set is itself Dedekind-infinite. 

Proof Let E contain a Dedekind-inhnite set F and so there exists an injective 
mapping h : F ^ F which is not surjective. Dehne g : E ^ E hj letting 
g{x) = h{x) if X E F and g{x) = x if x E E \ F. Then g is injective but not 
surjective and hence E is Dedekind-inhnite. □ 



4 Finite ordinals 


In this section we study finite ordinals using the standard approach introduced by 
von Neumann HDl. As in Section 13] we denote the class of all finite sets by Fin. 
Let a : Fin —)■ Fin be the mapping given by (t{A) = AU {A} for each finite set A. 
If we iterate the operation a starting with the empty set and label the resulting 
sets using the natural numbers then we obtain the following: 

0 = 0 , 

1 = a(0) = 0 U {0} = 0 U {0} = {0}, 

2 = a(l) = lU{l} = {0}U{l} = {0,l}, 

3 = a(2) = 2 U {2} = {0,1} U {2} = {0,1, 2}, 

4 = a(3) = 3 U {3} = {0,1, 2} U {3} = {0,1, 2, 3}, 

5 = a(4) = 4 U {4} = {0,1, 2, 3} U {4} = {0,1, 2, 3,4}, 

n + 1 = a{n) = n U {n} = {0,1, 2,..., n — 1} U {n} = {0,1, 2,..., n} . 

Denote by O the iterator (Fin,(j, 0). Then by Theorem 13.11 there exists a unique 
assignment g of finite sets in O. Thus g : Fin —)■ Fin is the unique mapping with 
p(0) = 0 and such that 

g{A U {a}) = cr(p(A)) 

for each finite set A and each element a ^ A. Moreover, if A and B are finite sets 
with A ^ B then g{A) = g{B). 

Theorem 4.1 For each finite set A we have g{A) ^ A, and thus g{A) = g{B) if 
and only if A ^ B. 

Proof Let A be a finite set and let S = {B C A : g{B) k , B}. In particular 
0 G iS, since p(0) = 0. Thus let B G a & A\B and put B' = B U {a}. Then 
g{B) ^ B and hence g{B') = a{g{B)) ^ B'. Thus B' E S and so S is an inductive 
A-system. Therefore A G iS, i.e., g{A) A. □ 

It follows from Theorem 14 .1 1 1hat p(p(A)) = g{A) for each finite set A. 

Let O = {B G Fin : B = g{A) for some finite set A}. The elements of O will be 
called finite ordinals. Thus for each finite set A there exists a unique o E O with 
o = g{A). By Lemma [3.41 0 is the least a-invariant subclass of Fin containing 0. 
Let (To : O —)■ O be the restriction of a to O. Then Oq = (O, (Tq, 0) is a minimal 
iterator. 

We do not assume that O is a set but if it were then it would not be finite. (If O 
were finite then o' = a(g(0)) would be a finite ordinal, but o' ^ o for each o E O.) 
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Theorem 4.2 Oq is a Peano iterator. Therefore by Theorem (the recursion 
theorem) it follows that for each iterator J = {H,6,ho) there exists a unique map¬ 
ping n : O ^ H with 7r(0) = ho such that tt o a = 5 o tt. 

Proof By Theorem 14.11 O is proper and hence also Oq is proper. Therefore by 
Theorem 13.21 Oq is a Peano iterator. □ 

The iterator Oq is obtained without making use of the natural numbers or any 
other infinite set. There are versions of set theory in which every set is hnite. In 
such a set theory there is no set of natural numbers and so the iterator (N, s, 0 ) 
does not exist. However, the Peano iterator Oq does exist and in this case O is 
not a set. If (N, s, 0) does exist then by Lemma [3.91 it is isomorphic to Oq. Thus 
Oo can be considered as a particular version of (N, s, 0 ) and we can use the usual 
notation for the elements of N to denote the elements of O. In Section [ 6 ] we show 
how the arithmetic operations of addition, multiplication and exponentiation can 
be introduced for any minimal iterator. In particular, this can applied to the 
iterator Oq. 

Proposition 4.1 For each finite set A 

g{A) = {o G O : o = q{A') for some proper subset A' of A}. 

Proof Let H be a finite set and denote by S the set of subsets B oi A for which 
q{B) = {o G O : o = q{B') for some proper subset B' of B}. 

In particular 0 G iS. Thus consider B & and a E A\B. Then 

g{B U {a}) = a{g{B)) = g{B) U = {o G O : o = g{B') for some B' C B}. 

But if (P is a proper subset of H U {a} then C ^ C for some C <Z C and then by 
Theorem 13.11 o(C) = g{C'). It follows that 

g{B U {a}) = {o G O : o = g{B') for some proper subset B' of B U {a}} 

and thus B U {a} G S. Hence S is an inductive H-system and so H G iS. Therefore 

g{A) = {o E O : o = g(A') for some proper subset A' of H}. □ 


Proposition 4.2 Let A be a finite set and B C A; then g{B) C g{A). 
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Proof This follows immediately from Proposition 14.11 □ 

Let o & O and let a be an element not in o. Then p(o U {a}) = cr(o). 

Proposition 4.3 For each o & O we have 

o = {o' G O : o' is a proper subset of o}, 
a{o) = {o' G O : o' is a subset of o}. 

Proof This follows from Proposition I4.11 □ 

A set E is said to be totally ordered with respect to set membership if, whenever ei 
and 62 are distinct elements of E then exactly one of ei G 62 and 62 G Ci holds. By 
Proposition 14.31 each hnite ordinal a is totally ordered with respect to set inclusion 
and, moreover, each element of a is a subset of a. 

In the general (non-hnite case) the usual dehnition of an ordinal is as a set having 
these two properties [TO] . 

Proposition 4.4 Let o, o' E O with 0 ^ 0 '. Then either o is a proper subset of o' 
or o' is a proper subset of o. 

Proof By Theorem 14.11 o o' and so by Lemma 12.21 there either exists a proper 
subset B of o with B ^ o' or there exists a proper subset B' of o' with B' o. 
Suppose the former holds. Then g{B) = o' and therefore by Proposition 14.11 

o' = g{B) = {b : b = g{B') for some proper subset B' of B}, 

o = g{o) = {b : b = g{B') for some proper subset B' of o}. 

It follows that o' is a proper subset of o. If the latter holds then, in the same way, 
o is a proper subset of o’. □ 

If o, o' E O then we write o' < o if o' C o. By Proposition 14.41 < dehnes a total 
order on O. As usual we write o' < o to denote that o' ^ o and o' < o. 

Lemma 4.1 Each non-empty subclass O' of O contains a minimum element, i.e., 
an element o with o < o' for all o' E O'. 
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Proof Let p G O'; then {o' G O' : o' < p} is a non-empty finite totally ordered set 
and hence by Proposition 12.141 it contains a minimal element o. Thus o < o' for 
all o' G O'. □ 

The following induction principle for finite ordinals corresponds to Theorem 12.31 

Proposition 4.5 Let P be a statement about finite ordinals. Suppose P(0) holds 
and that Pcr(o)) holds whenever P(o) holds for o E O. Then P is a property of 
finite ordinals, i.e., P(o) holds for every o E O. 

Proof Let A be a finite set and put 5 = {5 G V{A) : P{g{B)) holds }. Then 
P( 0 ) = P(0) holds, so let B E and a E A \ B. Then p (6 U {a}) = cr(p(i?)) 
and thus B U {a} E S. Therefore S is an inductive A-system and so A G iS. Let 
o G O; then o is a finite set and hence applying the above with A = o shows that 
P(o) holds. □ 

We end this section by looking at a two further Peano iterators Uq and Vq- They 
have nothing to do with ordinals, except that the iterator Oq is involved in their 
definition. What they have in common with the iterator Oq is that they are 
defined ’absolutely’ and are in fact constructed solely from operations performed 
on the empty set 0 . First consider the iterator V = (Fin,/3,0), where the mapping 
f3 : Fin —Fin is given by ld{A) = {^d} for each finite set A. The recursion theorem 
for the Peano iterator Oq applied to the iterator V implies there exists a unique 
morphism p : Oq —)■ V. Thus : O ^ Fin is the unique mapping with //(O) = 0 
such that p{a{o)) = (3{p{o)) for each o E O. If we iterate the operation (3 starting 
with the empty set then we obtain the following: 

h( 0 ) = 0 , 

h(l) = /^(h(0)) = { 0 }, 

h(2) = = {{0}}, 

v{3) = /3{v{2)) = {{{0}}}, 

v{^) = /3{vm = {{{{0}}}}}, 

V{n) = {{{{{{■ ■■{0} ■■■}}}}}}. 

Let ip be the assignment of finite sets in V, thus 99 : Fin —Fin is the unique 
mapping with (p{0) = 0 such that p{A U {a}) = l3{p{A)) for each finite set 
A and each a ^ A, and by Theorem 13.11 (p{A) = (p{B) whenever A k, B. Let 
V = {v E Fin : v = p{A) for some finite set A}, so by Lemma [3.41 V is the least 
/9-invariant subclass of Fin containing 0 ; \ei \V be the restriction of ft to 
V. Thus Vo = (V, Po, 0 ) is a minimal iterator. 
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Lemma 4.2 For each finite set A we have ^{A) = 7 ]{q{A)). 

Proof Let A be a finite set and let S = {B G V{B) : ip{B) = ri^g^B))} and in 
particular 0 e S, since (p(0) = rf(g(0)) = 0. Thus let S G 5 and b e A \ B. 
Then ^p{BU{b}) = f3{Lp{B)) = (3{r]{g{B))) = T]{a{g{B))) = T]{g{BU{b}) and hence 
B U {b} G S .This shows that S is an inductive A-system and therefore A ^ S, 
i.e., (p{A) =T]{g{A)). □ 


Lemma 4.3 The mapping r; : O —)■ Fin maps O bijectively onto V. 

Proof By Lemma 13.71 ri{0) = V and so it remains to show that rj is injective. 
Suppose this is not the case and let 

Oq = {o G O : there exists o' G O with o < o' and rj{o) = rj{o')} . 

Thus Oq is non-empty and so by Lemma 14.11 it contains a minimum element Oq 
with Oq < o for all o G Oq, and since Oq G Oq there exists Oi G Oq with oq < Oi 
and ij(oo) = 17 ( 01 ). Now if p G O \ {0} then by Proposition 13.31 there exists a 
unique q E O with p = a(q) and then ri(p) = p(cr(g)) = (3(rj(q)) = {ri(q)}. Thus if 
p E O \ {0} then there exists a unique q E O with ri(p) = {i 7 (q)}. In particular, 
ri(p) 7 ^ 0 if p 7 ^ 0 and so Oi 7 ^ 0, since p(0) = 0 and 02 7 ^ 0. There thus exist unique 
qiq 2 EO with 17 ( 01 ) = {p(gi)} and 17 ( 02 ) = {p(g 2 )}- Then {//(gi)} = {i 7 (q 2 )} and 
so p(gi) = ri(q 2 ). But qi < Oi and qi < q 2 , which contradicts the minimality of Oi. 
Therefore ij is injective. □ 


Proposition 4.6 The iterator Vq is a Peano iterator. 

Proof By Lemma [4.31 and Lemma [3.61 13) the morphism rj is an isomorphism and 
by the recursion theorem Oq is initial. Thus by Lemma 13.91 (2) Vq is initial and 
therefore by Theorem 13.71 Vq is a Peano iterator. □ 

Except for being a Peano iterator the iterator Vq has none of the properties enjoyed 
by Oq. It corresponds to the perhaps most primitive method of counting by 
representing the number n with something like n marks, in this case the empty 
set enclosed in n braces. 

We can improve the situation somewhat by applying Theorem 13.51 to the iterator 
Vo = (V,(3d,0). This results in the iterator U = (Fin,Q!, 0), where the mapping 
a : Fin —)■ Fin is given by a(A) = { 0 } U (3(A) for each finite set A, and where to 
simplify things we use Fin instead of Fin(I/) as the first component of U. 
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Let ip : Fin —Fin be the assignment of finite sets in U and Uq = {U,ao,0) be 
the corresponding minimal iterator, so U is the least a-invariant snbclass of Fin 
containing 0 and ao : U ^ U is the restriction of a to U. Therefore by Lemma ITTI 

U = {m G Fin : n = '^(^) for some finite set A\ . 

Theorem 13.51 now states that 

(1) V’(^) ~ A for each finite set A. Thus if A and B are finite sets then A k. B 
if and only if ^^{A) = ipiB). Moreover, ip{'ip{A)) = 'ip{A) for each finite set A and 
'ip{u) = u for each u E U. 

(2) The minimal iterator Uq is a Peano iterator. 

(3) There exists a unique mapping [[•]]• ^ with [[ 0 ]] = 0 and such that 

[[/3(n)]] = [[n]] U {n} for all v E V. Moreover, v ^ [[n]] for each v E V. 

(4) ipiA) = [[(^(A)]] for each finite set A. 

(5) A set A is finite if and only if A ^ [[n]] for some v E V. 

( 6 ) If A is a finite set and a ^ A then ■^(A U {a}) is the disjoint union of V^(A) 
and {(p(A)}. 

(7) If i? is a proper subset of a finite set A then pJ^B) is a proper subset of 'ip{A). 

( 8 ) If u, V E U with u ^ V then either u is a proper subset of n or n is a proper 
subset of u. 

Note that the following holds for the mapping [[•]]: 


[[ 0 ]] = 0 , 

[[{ 0 }]] = { 0 }, 

[[{{ 0 }}]] = { 0 ,{ 0 }}, 

[[{{{{ 0 }}}}]] = { 0 , { 0 }}, {{ 0 }}}, {{{ 0 }}}}, 


[[ri{n + 1)]] = {p(0), p(l),..., ri{n)}. 




5 Finite minimal iterators 


Theorems 13.21 and 13.41 imply that for a minimal iterator I = {X, f, xq) there are 
two mutually exclusive possibilities: Either I is a Peano iterator or X is a hnite 
set. In this section we deal with case in which X is a hnite set. 

Thus in what follows let I = (X,/, xq) be a minimal iterator with X a hnite set. 
For each x G X let be the least /-invariant subset of X containing x and let 
fx : Xx —)■ Xx be the restriction of / to Xx- Thus = {Xx,fx,x) is a minimal 
iterator. Also let Ux be the unique assignment of hnite sets in \x] put u = oJxq- 

The iterator I can be considered as a hnite dynamical system with the dynamics 
given by the mapping / : X — )■ X and with initial state xq. Now it is an elementary 
fact that the mapping / is then eventually periodic. What this means is usually 
dehned in terms of the iterates of x under / and these are most easily dehned in 
terms of the natural numbers: Let x G X; then applying the recursion theorem for 
the iterator (M, s, 0 ) to the iterator \x there exists a unique mapping vr^; : N —?• Xx 
with 7 r 3 ;( 0 ) = X such that nxin+l) = fxi'Xxi’n)) for all n G M. We use the standard 
notation and write /"^(x) instead of 7 ra.(n). The element /"'(x) is the n-th iterate 
of / when the initial state is x. 

An element x G X is periodic if x = /”(x) for some n > 1 and if n is the least such 
index then the set {/^(x) : 0 < fc < n} is the corresponding periodic cycle. The 
elementary fact about I states that there is a unique periodic cycle and that there 
exists m > 0 such that /"^(xq) is periodic for all n >m. Note that the uniqueness 
of the periodic cycle only holds because I is minimal. 

We will obtain this result without making use of the natural numbers or of any 
other Peano iterator and so we need a new dehnition of being periodic which does 
not involve the iterates of /. It is straightforward to check that the following is 
equivalent to the above dehnition: An element x G X is said to be periodic if 
X G fx{Xx) and so by Proposition 13.31 and Theorem 12.11 x is periodic if and only if 
fx is a bijection. 

Theorem 5.1 (1) Let Xp = {x G X : x is periodic}. Then Xp is non-empty 
and Xx = Xy for all x, y E Xp. Thus f maps Xp bijectively onto itself. 

(2) Let Xm = {x G X : x is not periodic] and suppose Xpf ^ 0. Then f 
is injective on Xj^ and there exists a unique element u E Xjy such that f{u) is 
periodic. Moreover, there exists a unique element v E Xp such that f{v) = f{u) 
and u and v are the unique elements of X with u ^ v such that f{u) = fiy). 

For the proof of (1) we need the following: 
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Lemma 5.1 Let x G X. Then: 

(1) C C {x} U Xj(^) and Xj(^) C /(X^). 

(2) If X is periodic then so is f{x). 

(3) X is periodic if and only if = X^.. Moreover, if x is not periodic then 

Xj(a;) = Xx \ {x} and so Xf(^x) is a proper subset of X^. 

(4) If X is periodic then y is periodic and Xy = X^ for all y G X^,. 

(5) If A is a finite set, B <Z A and x = oj{B) then u){A) G X^,. 

(6) For each x G X we have Xy C X^ for all y G X^- 

Proof (1) Xx is /-invariant and contains /(x) and hence Xf^^) C X^- Also 
{x}UXy( 3 .) is /-invariant and contains x and therefore X^ C {x}UXf(^x)- Moreover, 
f{Xx) is /-invariant and contains /(x) and so Xf(^x) C /(Xa,). 

(2) Let X be periodic; then /a, : Xa, —)■ Xa, is a bijection. Thus //(a;) : Xf{{x) 

is injective, since by (1) X/(a;) C Xa;. Hence ff(x) ■ ^/((x) ^f(x) is a bijection 

and so /(x) is periodic. 

(3) Suppose Xj(a;) = Xa;; then x G Xa; = Xf(^x} and so by (1) x G /(Xa;). Thus by 
Proposition 13.31 x is periodic. Suppose conversely that x is periodic. Then, as in 
(2) //(a;) : X/((a;) -)■ Xj(a;) and /a, : Xa, X;r are both bijections. But by (1) Xa, is 
either Xf(^x) or Xf(^x) U {x} and it follows that Xf(^x) = Xa,, since if x ^ -^fix) then 
/(x) = X which would imply that X/(a;) = Xa;. If x is not periodic then X/(a;) ^ X^ 
and so by (1) Xf(x) = Xx\ {x}. 

(4) Let S = {y E X : y is periodic and Xy = Xa;} then x E S and if y E S then 
by (2) f{y) is periodic and by (3) Xj(j,) = Xy = X^. Thus f{y)ES and so S is 
/-invariant. Hence S C Xa;, i.e., y is periodic and Xy = X^ for all y E X^. 

(5) Let C = A \ B and put S = {D C C : oj{D) E Xa;}. Then 0 E S and if 
D E and d E C \ D then u{D U {d}) = f{u{D)) E S, since uj{D) E S and 
Xa; is /-invariant. Therefore S is an inductive C system and thus C E S, i.e., 
A = BUC E Xx. 

(6) Let X' = {y E X : Xy C Xx}. Then x E X' and if y E X' (and so Xy C Xa,) 
then Xfi^y) C Xy C Xa, and hence fiy) E X'. Therefore Xa; C X', i.e., Xy C Xa; 
for all y E Xx- □ 

Proof of Theorem I5.il (1) Let S = {Xy : y E X}. Then by Proposition li.dl there 
exists X E X such that Xx is a minimal element of S. But by Lemma [Ql (1) 
Xff^x) C Xa; and so Xf(^x) = Xx- Hence by Lemma f5Ti] (2) x is periodic, i.e., 
X E Xp. Thus by Lemma [5771 (4) V is periodic and Xy = Xa; for all y G Xa;. 
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Let X, y E Xp; by Lemma HO there exist finite sets A and B with x = oj{A) and 
y = oj{B) and by Lemma and Theorem \S.1\ we can assume that B <Z A or 
A C B and without loss of generality assume that B (Z A . Put C = A\B and let 
S = {D C C : u){B U D) is periodic and Xi^^bvjd) = Xy] and so 0 E S. Thus let 
D E and d E C\D. Then uj{B L) D U {d}) = f{z) where z = uj{B U D)) and z 
is periodic and = Xy, since D E S. Hence by Lemma lETJl (2) and (3) f{z) is 
periodic and Xf^z) = Xz = Xy, which shows that D U {d} E S. Therefore S is an 
inductive C-system and so C E S, i.e., X^ = Xy. □ 

For the proof of (2) we need the following: 

Lemma 5.2 Let s, t E X with s t and f{s) = f{t). Then u = f{s) = fit) is 
periodic. Moreover, one of s and t is periodic. 

Proof By Lemma 1 5'. 51 there exist finite sets B and C such that s = oj{B) and 
t = u){C) and by Theorem \3.1\ and Lemma we can assume without loss of 
generality that B Z C, and so B is a proper subset of C. Let d ^ C and put 
B' = B 0 {d}, C = C 0 {d}. Then uj{B') = uj{C') = u. Now let a E C \ B and 
put C" = C \ {a}. But u = uj{B') and B' Z C and so Lemma FOI (5) implies 
that uj{C'') E Xu and then u = f{u{C")) E f{Xu). This shows that u is periodic. 
Now B is a proper subset of C and so there exists D Z B' with D ^ C. Thus 
u = oj{B') and t = uj{C) = uj{D) and B' Z D and so by Lemma [3T7] (5) t E Xu. 
Therefore by Lemma FOl (f) t is periodic. □ 

Proof of Theorem 15. il (2) Lemma 15.21 implies that f is injective on Xpf. By 
Proposition \1.2\ there exists u E Xpf such that Xu is a minimal element of the 
set Sn = {Xy : y E X^}- Then u is not periodic and so by Lemma\5J\ (1) and 
(3) Xf(^u) is a proper subset of Xu and hence Xf(^u) ^ Sn, i-e., f{u) is periodic. 
Suppose there exist ui, U 2 E Xn with ui 7 ^ U 2 and such that /(mi) and /(M 2 ) are 
both periodic. Then there exist finite sets Ai, A 2 with Ui = u){Ai) for i = 1, 2 
and as usual we can assume that Ai is a proper subset of A 2 . Let a E A 2 \ Ai 
and so = Ai U {a} C A 2 . Then oj{A'f) = f{u{Ai) = f{ui) is periodic and by 
Lemma\5J\ (5) U 2 E Xf(u^). Hence by Lemma FOl (3) U 2 would be periodic. This 
contradiction shows that there is a unigue u E Xn such that z = f{u) is periodic. 
Thus z E fz(Xz) and so there exists a finite set A' such that z = f{oJu{A')). Let 
a be an element not in A' and put A = A' 0 {a}. Then A is a non-empty finite 
set and z = uJz{A). Let v = Uu{A'). Then v E Xy and so v is periodic and 
f{v) = z = f{u). Moreover, v is the unigue element of Xp with f{v) = f{u), 
since f maps Xp bijectively onto itself. Finally, let u', v' E X with u' 7 ^ v' and 
f{u') = f{v'). Since f is injective on Xn and on Xp one of these elements is 
in Xn and the other in Xp. Label them so u' E Xn and v' E Xp. Then by 
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Lemma [Ql f{u') G Xp and by the uniqueness of u it follows that u' = u and by 
the uniqueness of v it follows that v' = v. □ 

We next consider the special case in which X contains a fixed-point, i.e., an element 
z with f{z) = z. If z = xq then X = {xq} and we assume that this is not the 
case, and thus z ^ xq. Since z is periodic it follows from Theorem I5.il (1) that 
Xp = Xz = {z}. Hence X^ = X \ {z} and by Theorem \5.1\ (2) f is injective on 
Xpi and there exists a unique w G X^ such that f{w) = z. 

Let A be a finite set with z = uj{A) and by Proposition li.^l we can assume that 
z 7 ^ uj{B) for each proper subset B of A. 

Lemma 5.3 For each x E X there exists B G A with x = u{B). 

Proof Let Xq = {x E X : x = oj{B) for some B C A}, and thus Xq E Xq, since 
Xq = u(0). Let X E Xq with x = u{B). If B is a proper subset of A and a E A\B 
then B U {a} C A and f{x) = u{B U {a}) and so /(x) G Xq. But if B = A then 
X = z and so f{z) = z E Xq. Thus Xq is f-invariant and contains xq and hence 
Xo = X. □ 

Lemma 5-4 If B, B' E V{A) with oj{B) = oj{B') then B ^ B'. 

Proof Suppose there exist B, B' G V{A) with uj{B) = oj{B') and B ^ B'. Then by 
Lemma\2f^ (and if necessary exchanging the roles of B and B') there exist such 
B, B' with B' C B,i.e., with B' a proper subset of B. Let S be the subset ofV{A) 
consisting of those subsets B which contain a proper subset B' with oj{B) = u{B'). 
Thus S is non-empty and hence by Proposition M.IA S contains a maximal element 
C; let C be a proper subset of C with uj{C) = oj{C'). Now C A, since otherwise 
C would be a proper subset of A with oj{C') = z. Choose a E A\C; then C U {a} 
is a proper subset of C U {a}. But 

ioiC U {a}) = fiuiC')) = fiooiC)) = oviC U {a}) , 

which contradicts the maximality of C. Therefore B k. B' whenever B, B' are 
subsets of A with oj{B) = u{B'). □ 


Lemma 5.5 If xi X2 E X with X^^ 


Xx2 then xi = X2. 
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Proof Let xi, X 2 € X with xi ^ X 2 . Then by Lemma HOI and Lemma\2fM (and 
if necessary exchanging the roles of xi and X 2 ) there exist Bi, B 2 G V{A). with 
Xk = uj{Bk) for k = 1, 2 and such that Bi is a proper subset of B 2 . Let b G B 2 \Bi; 
then B[ = BiU {a} C B 2 and uj{B[) = /(xi). Thus by Lemma l5J\ (5) X 2 G 
and so C If Xi = z then Xf^^i) = {z} and so X^^ = {z}. But X 2 7 ^ - 2 , 

and Lemma [3771 (3) implies that Xf(^x 2 ) would be a proper subset of X^^ = {z}. 
Therefore this case cannot occur. Hence x\^ z and by Lemma\5J\ (3) Xf(^xi) is a 
proper subset of X^.^. ThereforeX^^ 7 ^ X^^ ■ □ 

Define a relation < on X by stipulating that Xi < X 2 if X^.^ P ^xi ■ As usual, 
Xi < X 2 means that xi < X 2 but Xi 7 ^ X 2 . 

Proposition 5.1 (1) The relation < is a total order on X with Xq < x < z for 
all X E X, Moreover, if x E X \ {z} then x < /(x). 

(2) If X < y < f{x) then y = x or y = f(x). 

(3) Let x,y E X. if x < y if then /(x) < f{y). Moreover, if x, y E X \ {z} and 
f{x) < f{y) then x<y. 

(4) Let x,y E X \ {z}. Then x < y if and only if /(x) < f{y). 

Proof (1) It is clear that < is transitive and if both xi < X 2 and X 2 < xi hold then 
by Lemma\5f^xi = X 2 . Let xi, X 2 E X and as usual we can assume that there exist 
Bi, B 2 E V{A) with Xk = u}{Bk) for k = 1, 2 and either B 2 C Bi or Bi C i? 2 - If 
B 2 C Bi then by Lemma [3771 (5) Xi E Xx 2 CLis^d hence C X^.^. If Bi C B 2 then 
in the same way Xx 2 C X^.^. Therefore either xi < X 2 or X 2 < xi and this shows 
that < is a total order. It is clear that xq < x < z for all x E X If x E X \ {z} 
then by Lemm.a [3771 (3) Xf(^x) is a proper subset of X^ and so x < /(x). 

(2) If X <y < f{x) then Xy C X^ and Xj( 3 ,) C Xy and hence 

{x} U Xy C {x} U Xa- = Xa- = {x} U X/(a.) C {x} U Xy . 

It follows that {x} U Xy = X^ = {x} U Xj(a;) = {x} U Xy and in particular 
{x} U Xy = Xj.. Thus either x G Xy, in which case X^ = Xy, or x ^ Xy, in 
which case Xy = X^ \ {x} and then by Lemma l5J\ (3) Xy = Xj( 2 .). Therefore by 
Lemma [3731 either y = x or y = f[x). 

(3) Note that for all x E X both x < z and /(x) < f{z) hold trivially. Thus we 

can assume that y E X \ {z}. Suppose x < y and so also x E X \ {z}. Then 
Xy C Xx and Xf^y^ = Xy \ {y}, Xf(^x) = Xx \ and thus Xj(y) C Xj(^x) provided 
X ^ Xy. But if X E Xy then X^ C Xy and so X^ = Xy. Hence either /(x) < f{y) 

or X = y and in both cases /(x) < f{y). Next let x, y E X\{^} with /(x) < f{y). 
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Then either x < y or y < x and if y < x then by the above f{y) < f{x) and so 
f{x) = f{y). But if f{x) = f{y) then x = y, since f is injective on X \ {z}, and 
again x < y. 

(4) If X < y then by (3) f{x) < f{y) and f{x) ^ f{y) since x ^ y and f is 
injective on X \ {z}. Hence f{x) < f{y). In the same way, if f{x) < f{y) then 
by (3) X < y. But x ^ y since f{x) ^ f{y) and thus x < y. □ 

The construction given above can be reversed. Let (X, <) be a finite totally ordered 
set with least element Xq and greatest element z. Define a mapping / : X —>■ X by 
letting f{x) be the least element in {y E X : y > x} if x ^ z and putting f{z) = z. 
Then I = (X, /, tq) is a finite iterator with fixed point z. 

Proposition 5.2 The iterator I is minimal. 

Proof Let Xq be an f-invariant subset of X containing Xq and suppose Xq ^ X. 
Let u be the least element in X \Xq and so u ^ Xq. Let v be the greatest element 
in {y E X : y < u}. Then v < u, hence v E Xq and so f{v) E Xq. But this is not 
possible, since f{v) = u. Therefore Xq = X which shows that I is minimal. □ 

Let G be a finite group, with the product of a and b in G denoted just by ab, with 
identity element 1 and with a~^ the inverse of a. For each a E G let Ha ■ G ^ G 
be given by Uaip) = ab for each h E G. Then there is the iterator = {G,na, 1). 
Also let Ga be the least Ua-invariant subset of G containing 1 and ma : Ga ^ Ga 
be the restriction of Ua to Ga, so {Ga,ma, 1) is a minimal iterator. 

Proposition 5.3 For each a E G the mapping ma is a bijection and so a is 
periodic. 

Proof Suppose a is not periodic. Then by Theorem \5.1\ (2) there exists a unigue 
non-periodic element u E Ga such that ma{u) is periodic and a unigue periodic 
element v E Ga with maiy) = ma{u), i.e., av = au. But then v = u, which 
contradicts the fact that u is not periodic and v is periodic. Hence a is periodic 
and ma is a bijection. □ 

Proposition 5.4 Let H be a subset of G containing 1 and such that ab E H for 
all a, b E H. Then H is a subgroup of G. 

Proof Let a E H; then H is an ma-invariant subset of Ga containing 1 and so 
Ga C H. Now by Proposition 15.,91 ■. Ga ^ Ga is a bijection and 1 E Ga and so 

there exists h E Ga with maip) = ah = 1. Thus b E H and b = a~^. This shows 
that H is a subgroup of G. □ 





6 Addition and multiplication 


In this section we show how an addition and a multiplication can be defined for any 
minimal iterator. These operations are associative and commutative and can be 
specified by the rules (aO), (al), (mO) and (ml) below, which are usually employed 
when defining the operations on N via the Peano axioms. 

Note that, even if we do not assume the existence of an infinite set, we can apply 
the results of this section to the Peano iterator Oq. 

In the following let I = {X, f, xq) be a minimal iterator with u the assignment of 
finite sets in I. We first state the main results fTheorems \ 6.1\ a,nd \6.S\) and then 
develop the machinery reguired to prove them. In the following section we give 
alternative proofs for these theorems. 

Theorem 6.1 There exists a unigue binary operation (B on X such that 

uj{A) 0 u{B) = oj{A U B) 

whenever A and B are disjoint finite sets. This operation 0 is both associative 
and commutative, x ® Xq = x for all x E X and for all Xi, X 2 E X there is an 
X E X such that either xi = X 2 ® x or X 2 = Xi ® x. Moreover, 0 is the unigue 
binary operation ® on X such that 

(aO) X ® Xq = X for all x E X. 

(al) a; 0 f{x') = f{x 0 x') for all x, x' E X. 

Theorem 6.2 There exists a unigue binary operation ® on X such that 

uj{A) 0 uj{B) = oj{A X B) 

for all finite sets A and B. This operation 0 is both associative and commutative, 
x®Xq = Xq for all X E X and x® f{xo) = x for all x E X with xq (and so f{xo) 
is a multiplicative identity element) and the distributive law holds for 0 and 0; 

X 0 (a;i 0 X 2 ) = (x 0 Xi) 0 (x 0 X 2 ) 

for all X, Xi, X 2 E X. Moreover, 0 is the unigue binary operation on X such 
that 

(mO) X 0 Xq = Xq for all X E X. 

(ml j X 0 /(x') = X 0 (x 0 x') for all x, x' E X. 
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We now prepare for the proofs of Theorems \ 6.1\ and Theorem Id. 21 and first look 
at what is common to these two theorems. Let D be a subset of Fin x Fin and let 
7 ; D —> Fin be a mapping. In Theorem A6.1\ we will have 

D = {(A, B) G Fin x Fin : A and B are disjoint} 

and 7 (A, B) = AU B and in Theorem \6.^ D = Fin x Fin and ji^A, B) = A x B. 
We assume that the mapping oj' : D ^ X x X with u'{A,B) = {oj{A),u;{B)) 
is surjective. By Lemma I,?.,51 this is clearly the case for Theorem \6.2\ and for 
Theorem \6.1\ it follows from the next result. 


Lemma 6.1 For all {x, x') E X x X there exist disjoint finite sets A and B with 
{x,x') = {u{A),u{B)). 


Proof By Lemma HO there exists {C,D) G Fin x Fin with {u{C),u{D)) = {x,x') 
and by Lemma\2^ there exist disjoint finite sets A and B with A^ C and B ^ D. 
Hence by Theorem \3 . 1\ (2) A and B are disjoint with {x,x') = {u{A),u{B)). □ 


Theorem \6.1\ and Theorem \6.2\ state that for the appropriate mapping 7 ; D —)■ Fin 
there exists a binary operation Q on X such that oj{A) Q oj{B) = oj{'j{A,B)) for 
all {A,B) G D. 


Proposition 6.1 Let'y : D — )■ Fin be an arbitrary mapping for which the mapping 
Lj' : D X X X is surjective and let X : D ^ X be the mapping defined by 
\{A,B) = CO {A, B))for all {A,B) G D. Then there exists a binary operation O 
on X such that cj{A) 0 co{B) = a;( 7 (A, B)) for all (A, B) E D if and only if 

(Tj) \{A,B) = X{A',B') whenever {A, B) and {A',B') are elements of D with 
uj'{A,B)=u'{A',B'). 

Moreover, if ) holds then 0 is the unigue binary operation 0' on X such that 
co{A) 0 ' co{B) = cj{{pi{A, B)) for all (A, B) E D. 

Proof This is a special case of Pro'position \3. il //0 is written as a prefix operation 
then the reguirement on 0 is that 0(a;'(A, B)) = A(A, B) for all (A, B) E D which 
in turn is the reguirement that 0 o cj' = A. □ 

Let = {A,B) E Fin x Fin : A and B are disjoint} and let 7 ® : —)■ Fin be 

given by 7 ©(A, B) = AU B for all (A, B) E -D®. Also let = Fin x Fin and let 
7 © : iA© —)■ Fin be given byy^^A, B) = Axi? for all (A, B) E -D®. We will establish 
the existence of the operations © and 0 in Theorems \6.1h nd 16.21 by showing that 
the mappings 7 ® and 7 ® satisfy condition ) and then applying Proposition \6.1[ 
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For a Peano iterator I this is not a problem. ConsiderIf {A, B), (A', B') G -D© 
with uj'{A,B) = uj'{A',B') then by Theorem AS.2\ A ^ A' and B B', from which 
it easily follows that A U B ^ A' U B' and therefore by Theorem, \S . 1\ (2) we have 
oj{AVJ B) = ijj{A' yj B'), i.e., a;( 7 ©(A,i?)) = a;( 7 ©(A', 5')) and so 7 © satisfies 
condition (’\>). Essentially he same proof also shows thatsatisfies (’\>). 

Once it is known that the operation © exists then the remaining properties of 
© listed in Theorem 16. il follow from the corresponding properties of the union 
operation U (for example, that it is associative and commutative). 

The following shows that 7 © satisfies condition (^). 

Lemma 6.2 If{A,B) and {A',B') are elements of withoj\A,B) =uj\A',B') 
then oj{A \J B) = u{A' U B')). 

Proof Consider finite sets A and A' with uj{A) = uj{A') and a finite set B disjoint 
from A and A'. Let S = {C G V{B) : u{A UC) = uj{A' U C)}. Then 0 E S, since 
uj{A U 0 ) = oj{A) = a;(A') = u:{A' U 0). Let C E and b E B\C. Then 

u(A U (C U {b})) = u{{A U C) U { 6 }) = f{u{A U C)) 

= f{u{A' U C)) = a;((A' U C) U {b}) = u{A' U (C U {b})) 

and hence C'U{ 6 } G S. Thus S is an inductive B-system and so B E S. Therefore 
u{A[JB) =uj{A'UB). 

For any set C and any element d put Cd = C x {d} (and so Cd ^ C). Now let 
{A,B), {A',B') E 7 © with uj\A,B) = uj\A',B'), and choose distinct elements < 
and >; then a;(A U B) = Ci;(A<| U B^) (since A U i? ~ A<| U Ci;(A^ U B^) = 
oj{A'CB') (since A'^CBl’^ A'CB'), u:{A^) = u:{A'^) (since A^ ^ A and A'^ A'^)) 
and oj{B^) = (.v{B() (since B^ ^ B and B' ^ B'^), which gives us the following 
data: 

- u{A\JB) =u{A^UB^), 

- Ci;(A<|) = uj{A'^) and B^ is disjoint from both A<, and A'^, 

- lj(B^) = cj(B() and A( is disjoint from both B^ and B^, 

- u{AlUBl) =u{A'UB'). 

Thus by two applications of the first part of the proof 

oj{A CB) = a;(A<j U B.f) = a;(A^ U B^) 

= u:{B^ U a;) = u:{Bl U A^) = u:{A'^ U Bl) = a;(A' U B') . D 
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Proof of Theorem 1 6 . il By Lemma Iff. 21 condition ) holds for the mapping 7 ® 
and thus by Proposition Iff. 11 there exists a binary operation (B on X such that 
uj{A) © oj{B) = uj{A U B) whenever A and B are disjoint finite sets. Moreover, 
© is the unique operation with this property. We show that © is associative and 
commutative: Let Xi, X 2 , X 3 E X; then by Lemma \37R there exist finite sets Ai, A 2 
and A 3 with xi = Ci;(Ai), X 2 = oj(A 2 ) and X 3 = uj{A^) and by Proposition l2.9l and 
Theorem IS . 1 ! f 2 ) we can assume that these sets are disjoint. Clearly (AiUA 2 )UA 3 
Ai U (A 2 U A 3 ) and therefore 

{xi © X2) © X3 = (cu(Ai) © cu(A2)) © cj(A3) = u[Ai U A2) © cu(A3) 

= cj((Ai U A 2 ) U A 3 ) = ^(Ai U (A 2 U A 3 )) 

= cj(Ai) © cu(A2 U A 3 ) = cu(Ai) © (cj(A2) © cj(A 3 )) 

= Xi © {X2 © Xs) . 

In the same way © is commutative. Let xi, X 2 E X; then, as above there exist 
disjoint finite sets Ai and A 2 with xi = a;(Ai) and X 2 = Ci;(A 2 ). Also clearly 
Ai U A 2 ~ A 2 U Ai and hence 


Xi ® X 2 — Ct’(Ai) © cj(A2) 

= uj(^Ai U A2) = cj(A2 U A3) = cj(A2) © ^(A^) = X2 © Xi . 
Moreover, if x E X and A is a finite set with x = uj{A) then 

a: © To = oj{A) © uj{0) = oj{A U 0) = oj{A) = x , 


and so X ® Xq = X for all x E X. 

Let Xi, X 2 E X, and so by Lemma UIR there exist finite sets A and B such that 
xi = u!{A) and X 2 = uj{B). By Theorem \2.4\ there either exists an injective mapping 
g -. A ^ B or an injective mapping h : B ^ A. Assume the former holds and 
put B' = g{A) and C = B\B'. Then B' and C are disjoint and B = B' U C; 
moreover, A k. B' (since g considered as a mapping from A to B' is a bijection) 
and so by Theorem l3.ll (2) uj{A) = u{B'). Thus, putting x = uj{C), it follows that 
X 2 = oj{B) = u{B' U C) = u}{B') © u{C) = oj{A) © uj{C) = Xi ® x. On the other 
hand, if there exists an injective mapping h \ B ^ A then the same argument 
shows that xi = X 2 ® x for some x E X . 


Now to (aO) and (al), and we have seen above that (aO) holds. Letx, x' E X, so by 
Lemma \ffO\ there exist disjoint finite sets A and B with x = ^(A) and x' = oj{B). 
Let b ^ AU B; then 


X © f{x') = Oi}{A) © f{u{B)) = uj{A) © uj{B U { 6 }) = uj{A U (5 U { 6 })) 

= uj{{A U B)U { 6 }) = f{uj{A U B)) = f{u}{A) © u{B)) = f{x © x') 
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and hence (al) holds. If Q)' is another binary operation on X satisfying (aO) and 
(al) then it is easy to see that Xq = {x' & X ■. x ®' x' = x ® x' for all x E X} is 
an f-invariant subclass of X containing xq. Hence Xq = X, since I is minimal, 
which implies that ©' = ©. 

This completes the proof of Theorem 16. ii □ 

Theorem \6.S\ will be dealt with in a similar manner. We obtain the operation © by 
showing that 70 satisfies condition (T?). 

As with the addition ©, once it is known that the operation © exists then the 
remaining properties of © listed in Theorem I 6 .gl follow from the corresponding 
properties of the cartesian product operation x (for example, that it is (modulo the 
relation k.) associative and commutative) and from the relationship between U and 

X. 

The following shows that satisfies condition (T^). 

Lemma 6.3 If A, B, A', B' are finite sets withuj(A) = oj{A') andu(B) = u(B') 
then u{A X B) = u{A' x B'). 

Proof Consider finite sets A and A' with uj{A) = oj{A') and let B be any finite 
set. Put S = {C G V{B) : uj{A x C) = u:{A' x C)}. Then 0 E S, since 
Ax0 = 0 = A'X0 and so uj(A x 0) = u:{A' x 0). Let C E and letb ^ B\C. 
Then the sets Ax C and Ax {b} are disjoint andAx{CU{b}) = (AxC')U(Ax{6}). 
It follows that 

u{A X (C U {6})) = u{{A X C) U (A X {6}) = u{A x C) ® uj{A x {b}) 

and in the same way u:{A' x (C U {&})) = a;(A' x C) © u:{A' x {6}). Clearly 
A X {b} ^ A and so by Theorem \3.1\ (2) uj{A x {6}) = u){A), and in the same way 
uj{A' X {6}) = u{A'). Therefore 

oj{A X (C U {6})) = oj{A X C) © u{A X {6}) = a;(A' x C) © oj{A) 

= X C) © oj{A' X {b}) = u{A' X (C U {b})) 

and so B U { 6 } E S. Hence S is an inductive B-system and so B E S. Therefore 
uj{A X B) = oj{A' X B). Now let A, B, A', B' be finite sets with u^A) = oj{A') and 
uj{B) = u{B'). Then clearly we have A' x B ^ B x A' and A' x B' ^ B' x A' and 
hence by Theorem AS. 1\ (2) ijj{A' x B) = uj{B x A') and a;(A' x B') = uj{B' x A'). 
Hence by the first part 


u(A X B) = u(A' X B) = u{B x A') = u{B' x A') = uj{A' x B') . a 
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Proof of Theorem 1^. A By Lemma I ^.,91 condition ) holds for the mapping 
and thus by Proposition \6.1\ there exists a binary operation ® on X such that 
uj{A) ® oj{B) = u{A X B) whenever A and B are finite sets. Moreover, <8) is the 
unique operation with this property. 

We show that ® is associative and commutative: Let xi, X 2 , G X; then by 
Lemma [Ql there exists finite sets Ai, A 2 , A 3 with xi = uj{Ai), X 2 = ^(^ 2 ) and 
X 3 = a;(A 3 ). Now it is easy to check that (Ai x A 2 ) x A 3 Ai x (A 2 x A 3 ) and so 
by Theorem \3. 1 \ (2) a;((Ai x A2) x A3) = a;(Ai x (A2 x A3)). Therefore 

{xi ® X 2 ) ®X 3 = (a;(Ai) (g) a;(A 2 )) 0 ^(As) = a;(Ai x A 2 ) 0 a;(A 3 ) 

= uj{{Ai X A 2 ) X A 3 ) = uj{Ai X (A 2 X A 3 )) 

= Cl’(Ai) 0 Cl’(A 2 X A 3 ) = Oji^Ai) 0 (cj(A 2 ) 0 Ct’(A 3 )) 

= Ti 0 { X2 0 0:3) 

which shows 0 is associative. Let Xi, X 2 E X; by Lemma U75i there exist finite sets 
Ai and A 2 with xi = uj{Ai) and X 2 = w(A 2 ). Then by Theorem \3.1\ (2) we have 
a;(Ai X A 2 ) = a;(A 2 x Ai), since clearly Ai x A 2 ~ A 2 x Ai. Thus 

xi® X 2 = oj{Ai) 0 a;(A2) 

= a;(Ai X A 2 ) = a;(A 2 x Ai) = a;(A 2 ) 0 u:{Ai) = X 2 ® Xi 
which shows that 0 is also commutative. 

Let X G X, so by Lemma l375\ there exists a finite set A with x = uj{A). Then 

X ® Xq = uj{A) 0 u{0) = uj{A X 0 ) = uj{0) = Xq . 

Moreover, if x ^ Xq then A 7 ^ 0 , so if a is any element then by Theorem \3.1\ (2) 
uj{A X {a}) = oj{A), since A x {a} ~ A, and hence 

X 0 /(xo) = Ci;(A) 0 f{u:{0)) = oj{A) 0 oj{0 U {a}) 

= uj{A) 0 a;({a}) = oj{A x {a}) = uj{A) = x . 

Thus X ® Xq = Xq for cuch X E X and x 0 /(xq) = x for each x 7 ^ Xq (and note 
that the first statement is (mO)). 

Now for the distributive law. Let x, Xi, X 2 E X. There exists a finite set A with 
X = u){A) and disjoint finite sets B and C with Xi = oj{B) and X 2 = u}{C). Then 
A X {B U C) is the disjoint union of Ax B and Ax C and thus 

(x 0 Xi) © (x 0 X 2 ) = (i^(A) 0 uj{B)) © (a;(A) 0 uj{C)) 

= uj{A xB)® uj{A xC)= uj{{A xB)U{Ax C)) 

= u(A X (5 U C)) = uj{A) 0 uj{B U C) 

= uj{A) 0 {oj{B) © uj{C)) = X 0 (xi © X 2 ) . 
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We have already seen that (mO) holds and, since /(xq) is an identity element, (ml) 
is a special case of the distributive law: Let x, x' G X; then by (aO) and (al) and 
since © is commutative it follows that f{x') = /(x'©xo) = x'®/(xo) = f{xo)(Bx', 
and hence X® f{x') = x© (/(xq) ©x') = (x©/(xo))©(x©x') =x©(x©x'), which 
is (ml). Finally, if®' is another binary operation satisfying (mO) and (ml) then 
it is easy to see that Xq = {x' G X : x®'x' = x®x' for all x E X} is a f -invariant 
subclass of X containing xq. Hence Xq = X, since I is minimal, which implies 
that ®' = ®. This completes the proof of Theorem\6fM □ 

We next give some results about the operation © for special cases of I. 

Proposition 6.2 If f is injective then the cancellation law holds for ® (meaning 
that xi = X 2 whenever xi © x = X 2 © x for some x E X). In particular, x 7 ^ x © x' 
for all X, x' E X with x' 7 ^ xq (since x = x ® xq). 

Proof Let xi, X2 E X with xi 7^ X 2 and let Xq = {x E X : xi © x 7^ X 2 © x}; then 
Xq E Xq, since by (aO) Xi © Xq = Xi 7^ X2 = X2 © Xq. Let x G Xq, then by (al), 
and since f is injective, Xi © /(x) = /(xi © x) 7 ^ /(x 2 © x) = Xi © /(x), i.e., 
/(x) G Xq. Thus Xq is a f -invariant subset of X containing xq and so Xq = X, 
since I is minimal. Hence if xi 7 ^ X 2 then xi © x 7 ^ X 2 © x for all x E X, which 
shows that the cancellation law holds for X . □ 


Proposition 6.3 If xq E f{X) (and so by Theorem \3.f\ and Proposition \3.4\ X 
is finite and f is bijective) then (A, ©,xo) is an abelian group: For each x E X 
there exists x' E X such that x © x' = xq. Moreover, X is the group generated by 
the element /(xq). 


Proof By Lemma \3.^ there exists a non-empty finite set A with uj{A) = xq and 
then for each finite set C there exists B G A with oj{B) = u{C). By Lemma lSTSl 
there exists a finite set C with x = u}{C) and hence there also exists a finite set 
B C A with X = uj{B). Put B' = A\B and let x' = u{B'). Then B and B' are 
disjoint and hence x © x' = uj{B) © oj{B') = uj{B U B') = u){A) = xq. Let Xq be 
the least subgroup of X containing /(xq). Then xq E Xq and if x E Xq then by 
(aO) and (al) /(x) = /(x © Xq) = x © /(xq) and hence /(x) G Xq. Thus Xq is 
a f-invariant subset of X containing /(xq) and so Xq = X. Therefore X is the 
group generated by /(xq). □ 

Until further notice let I be a Peano iterator. We will introduce the order relation 
< corresponding to that defined on the natural numbers. 
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Lemma 6.4 If X2 ^ X then xi® X2 = xq if and only if x\ = X2 = xq- 

Proof Suppose that Xi® X2 = Xq. Now there exist disjoint finite sets Ai, A2 with 
uj{Ai) = x\ and oj{A2) = X2 and then xi® X2 = oj{Ai U A2) = u(0). Therefore 
Ai U A 2 ~ 0, since I is a Peano iterator. Thus Ai = A 2 = 0, i.e., xi = X 2 = xq. 
The converse holds trivially □ 


Proposition 6.4 For all Xi, X 2 E X with xi 7 ^ X 2 exactly one of the following 
two statements holds: 

There exists a unique x E X such that xi = X 2 ® x. 

There exists a unique x' E X such that X 2 = xi® x'. 


Proof Note that if there exists x E X with xi = X 2 ® x then by Proposition \ 6 . 2 \ 
X is unique and in the same way if there exists x' E X with X2 = xi ® x' then 
x' is unique. Also Theorem \6.1\ states that at least one of the statements holds. 
Suppose there exists both x E X with Xi = X 2 ® x and x' E X with X 2 = Xi ® x'. 
Then Xi = X 2 ® x = (xi © t') © a; = Xi © [x' © x). Thus by Proposition I6‘.A 
x' ® X = Xq and by Lemma \6l4\ it then follows that x = x' = x'. But this implies 
xi = X 2 , contradicting the assumption that xi 7 ^ X 2 . Therefore exactly one of the 
statements holds. □ 


Now define a binary relation < on X by: If Xi, X 2 E X then Xi < X2 if and only 
if there exists x E X such that X 2 = xi ® x. 


Proposition 6.5 The relation < is a total order on X. Moreover, xi < X 2 if and 
only ^//(xl) < f{x 2 ). 


Proof Clearly x < x for all x E X since x = x ® xq. Proposition \6.4\ shows that 
for all xi, X2 E X either xi < X2 or X2 < xi and if both xi < X2 and X2 < xi 
hold then xi = X2. Finally, if Xi < X2 and X2 < X3 then there exist x, x' E X 
with X2 = Xi ® X and x^ = X2® x' and thus X3 = {xi © x) © x' = Xi © (t © x'), 
which shows that xi < X3. Thus < is a total order. Now if Xi < X2 then there 
exists X E X with X2 = xi ® x and then f{x2) = f(x2 ® x) = f{x2) © x and 
so f{xi) < f{x2). Conversely, if f{xi) < /(X2) then there exists x E X with 
= fi^i) © a: = /(xi © x) and hence X2 = xi ® x, since f is injective. Thus 

Xi < X2. □ 


Recall that in Section\^the order relation < on the class of finite ordinals O was 
defined by oi < 02 if and only if oi C 02 , and that q{o) = o for all o E O. The 
following result thus shows that this definition for the finite ordinals agrees with 
the above definition. 
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Lemma 6.5 Let xi, 0:2 G X; then xi < if and only if there exist finite sets 
Ai, A2 with oj{Ai) = Xi for i = 1 , 2 and Ai C A2. 

Proof If there exist finite sets Ai, A2 with a;(A*) = Xi for i = 1 , 2 and Ai C A2 
then X2 = xi (B X with x = u}{A2 \ Ai) and so x\ < X2. Conversely, if xi < X2 
then there exists x E X with X2 = xi ® x and if A, Ai are disjoint finite sets with 
Xi = uj{Ai) and x = oj{A) then X2 = Xi® x = uj{Ai U A) and Ai C Ai U A. □ 

Proposition 6.6 Letx, x' G X; thenx' < f{x) if and only ifx' < x or x' = f{x). 

Proof Suppose first that x' < f{x); then by Lemma lK^ there exist finite sets A, A' 
with uj{A) = f{x), uj{A') = x' and A' C A. If A' = A then x' = f{x). If A’ ^ A 
then A' is a proper subset of A and so choose a G A \ A'. Then A' C A \ {a} and 
so x' < u{A \ {a}). But f{u){A \ {a}) = a;(A) = x. Hence if x' < f{x) then either 
x' < X or x' = f{x). Suppose conversely that x' < x; then by Lemma there 
exist finite sets A, A' with uj{A) = x, oj{A') = x' and A' C A. Let a be an element 
not in A. Then A' C A U {a} and u{A U {a}) = f{x) and so x' < f{x). Thus if 
x' < X or x' = f{x) then x' < f{x), since if x' = f{x) then trivially x' < f{x). □ 


Lemma 6.6 For each x E X the subclass X^ = {x' E X : x' < x} is a finite set. 

Proof Let Xq = {x E X ■. X^ is a finite set}. Then xq E Xq, since X^^ = {xq} 
and by Proposition \6.6\ Xn is f-invariant. Thus Xq = X, since I is minimal. □ 

A subclass Xq of X is said to be bounded if there exists x E X such that x' < x 
for all x' E Xq. By Lemma WTU a bounded subclass of X is a finite set. 


Proposition 6.7 (1) Each non-empty subclass of X contains a minimum ele¬ 
ment. 

(2) Each non-empty bounded subclass of X contains a maximum element. 


Proof (1) Let Xq be a non-empty subclass of X and let x E Xq .Then Lemma WIR 
implies that Xi = {x' E Xq ■. x' < x} is a non-empty finite set and thus by Propo- 
sition\ 2 . 14 \ it contains a minimum element which is then the minimum element of 
Xq. 


(2) This follows immediately from Proposition \2.14\ and Lemma fCTl □ 
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We end the section by looking at the operation of exponentiation. Here we have 
to he more careful: For example, 2 • 2 • 2 = 2 m Z 3 and so 2^ is not well-defined 
if the exponent 3 is considered as an element of(since we would also have to 
have 2^ = 1). However, 2^ does make sense if 2 is considered as an element of Z 3 
and the exponent 3 as an element ofN. 

In general we will see that if (Y, g, yo) is a Peano iterator then we can define an 
element of X which is ‘x to the power of y ’ for each x E X and each y E Y and 
this operation has the properties which might he expected. 

In what follows let J = {Y, g, yo) be a Peano iterator with u' the assignment of 
finite sets in J. (As before I = {X,f,,xo) is assumed to be minimal with oj 
the assignment of finite sets in 1.) Also let © and © be the operations given in 
Theorems \6.1\ and \ 6 .^ for the iterator I. 


Theorem 6.3 There exists a unigue operation f : X xY -E X such that 

uj{A) f = uj{A^) 

for all finite sets A and B. This operation f satisfies 

xfivi® 1/2) = (a; t yi) (a: 1 1/2) 

for all X E X and all yi, y 2 eY and 

{xi ®x2)fy= {xi 1 2 /) © {x2 1 y) 

for all Xi, X 2 E X and y eY. Moreover, f is the unigue operation such that 

(eO) xfyo = f{xo) for all x E X. 

(el) X t g{y) = x ® {x f y) for all x E X, y E Y. 

Lemma 6.7 If B, C are finite sets with uiB) = uiC) then for all finite sets A 
we haveu{B^) =u{C^). 

Proof Let B and C he finite sets with oj{B) = uj{C), let A be a finite set and 
put S = {D E V{A) : u{B^) = uj{C^)}. Then 0 E S, since u{B^) = a;(C'^). 
(For any set X the set X^ consists of the single element { 0 }.) Let D E and 
a E A \ D. Now u{B^) = uj{C^) (since D E S) and uj{B) = uj{C); therefore by 
Lemma lUT^ and Theorem \3.1\ (2) 


a;( 5 ^u{a}) = uj{B^ x B) = uj{C^ x C) = 
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(since x E for each set E), and so D U {a} G S. Hence S is an 

inductive A-system and so A E S. Thus oj{B^) = oj{C^). □ 

Remark: If B, C are finite sets with oj{B) = uj{C) then u{A^) = u{A^) does not 
hold in general for a finite set A. 


Proof of Theorem, \6. A Let Ai, A 2 , -Bi, B 2 he finite sets with uj{Ai) = a;(A 2 ) and 
u'{Bi) = a;'(-B 2 ); then by Lemma \6^ u{Af^) = a;(Af^) and by Theorem \3.2\ 
Bi ^ B 2 . Since Bi Ri B 2 it follows that A^^ and then by Theorem \S.l\ (2) 

a;(Af^) = a;(Af^). This shows that u{Af^) = a;(Af^). Therefore by Lemma 
we can define x f y to be oj{A^), where A and B are any finite sets with x = oj{A) 
and y = u\B). Then uj{A) f uj'{B) = u{A^) for all finite sets A and B and this 
requirement clearly determines f uniquely. 

Let X E X and yi, y 2 E Y; then by Lemma lKH there exists a disjoint pair (i?i, B 2 ) 
with (1/1,1/2) = oj'{Bi,B2) and by Lemma UIR there exists a finite set A with 
X = u}{A). Moreover, it is easily checked that A^^ x A'®^ and thus 

by Theorem, \S . 1\ (2) 


^ t (2/1 ® 1/2) — t © u{B2)) 

= u{A) t ujfBi U B2) = = u{A^^ X A®2) 

= uj{A^^) = (x t yi) © (x 1 1/2) . 


Now let Xi, X 2 E X and y E Y. By Lemma UIR there exist finite sets Ai, A2 and 
B such that xi = oj{Ai), X 2 = ix{A 2 ) and y = oj'{B) and (Ai x A2)^ ~ Af x Af. 
Thus by Theorem, \S. 1\ (2) 

(xi © X2) 12 / = ® ^{A 2 )) t w'( 5 ) 

= a;(Ai X A2) t ^'{B) = uj{{Ai x A2)^) = w(Af x Af) 

= a;(Af) © a;(Af) = (xi 12 /) ® (2^2 t v) ■ 

It remains to consider the properties (eO) and (el). Now for each finite set A we 
have uj{A) f u\0) = oj{A^) = oj{{0}) = /(xq) and hence x f yo = /(xq) for each 
X E X, i.e., (eO) holds. Let A and B be finite sets and let b ^ B. Then, since 
j^Bu{b} ~ ^ X A^, it follows from Theorem, \S. 1\ (2) that 

uj{A) t g{uj\B)) = uj{A) f uj\B U {6}) = a;(A^^W) = uj{A x A^) 

= uj{A) © uj{A^) = ijj{A) © (a;(A) f oj\B)) 


and this shows x f g{h) = x © (x t ?/) for all x E X, y E Y, i.e., (el) holds. 
Finally, iff' is another operation satisfying (eO) and (el) then 

Yq = {y E Y : X Y y = xf y for all x E X} 

is a g-invariant subset of Y containing yo. Therefore Yq = Y, since (Y,,yo) is 
minimal, which implies that = t- ^ 
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In the following again let I = {X,f,xo) be a minimal iterator with u the assign¬ 
ment of finite sets in I. In this section we give alternative proofs for Theorems 
[QflndfOl 

In Section\^ only the single assignment oj was used. Here we make use of a family 
of assignments {ux : x G X}, which arise as follows: For each x E X there is the 
iterator = {X,f,x) (which will usually not be minimal) and the assignment of 
finite sets in will be denoted byojx- Thus ojx{0) = x and u}x{AU{a}) = f{oJx{A)) 
whenever A is a finite set and a ^ A. In particular we have oj = oJxq- Now it is 
more convenient to repackage the information given by the assignments oja, x E X, 
by introducing for each finite set A the mapping fA'-X^X with fA^x) = 0 Jx{A) 
for all X E X, and so oj{A) = oUxoi^) = fA^Xo). 

Consider disjoint finite sets A and B; then oj{A U B) can be thought of as the 
element of X obtained by iterating f through the elements of AU B starting with 
xq. This element can also be determined by first iterating f through the elements of 
B starting with xq, giving the result oj{B) and then iterating f through the elements 
of A, but starting with the element oj{B) and not with Xq. The result is uJz{A), 
where z = u{B), and Uz{A) = /a(^) = fA{uj{B)) = /^(/^(a^o)) = (/a o fB){xo), 
and so we would expect that uj{A U B) = [fA o fB){xo). But if (B is the operation 
given by Theorem \6J\ then uj{AC B) = uj{A) ® uj{B) = fA^xfi) © /b(xo), which 
suggests that the following should hold: 


((l) fA^xo) © /b(xo) = {fA o fB){xo) whenever A and B are disjoint finite sets. 


It will be seen later that (If) does hold. What is perhaps more important, though, 
is that ((j) can actually be used to define ©, as we now explain. 


Denote by Tx the set of all mappings from X to itself and so A hA- fA defines a 
mapping from Fin to Tx. Then (Tx,o,idx), where o is functional composition 
and idx : X ^ X is the identity mapping, is a monoid. (A monoid is any triple 
(M, •, e) consisting of a class M, an associative operation • on M and an identity 
element e E M satisfying a*e = e*a = a for all a E M.) Lemma \7. 6 ] shows that 


Mf = {uE Tx ■ u = fA for some finite set A} 


is a submonoid of (Tx, o, idx), meaning that idx E Mf and ui o U 2 E Mf for all 
Ml, U 2 E Mf, and that this submonoid is commutative, i.e., ui o U 2 = U 2 o ui for 
all Ml, U 2 E Mf. (The monoid (Tx,o,idx) itself is not commutative except when 
X = {xo}.) 


Let : Mf -E X be the mapping with $ 3 , 0 ("w) = u{xo) for each u E Mf, and so 
in particular $ 3,0 (/a) = /x(a^o) = oj^A) for each finite set A. Lemma\77^will show 
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that is a bijection, and therefore there exists a unique operation (B on X such 
that 

P) <l>xo(w) ® o v) for all u,veMf. 

This is how 0 will he defined below. Note that if A and B are (not necessarily 
disjoint) finite sets then by (^) 

/a(To) © fsixo) = ^xoUa) ® ^xoUb) = ^xoUa O fs) = if A O /b)(To) 
and so in particular ((j) holds. 

We now give the details of the approach outlined above. 

Lemma 7.1 The mapping A \-A f^ is the unique mapping from Fin to Ax with 
f 0 = idx such that fAu{a} = f ° f a whenever A is a finite set and a ^ A. 

Proof We have f 0 {x) = uj 3 ;{( 2 ) = x = idx(T) for all x E X, and thus f 0 = idx- 
Moreover, if A is a finite set and a ^ A then 

fAu{a}{x) = UJ^{A U {a}) = /(Wa;(A)) = f{fA{x)) = (/ O /a)(t) 

for all X E X and hence fAu{a} = f ° f a- Finally, consider a further mapping 
A cE- f'j^ with f^ = idx and such that /^u{a} ~ f ° f a whenever A is a finite set 
and a ^ A. Let A be a finite set and put S = {B E V{A) : f'^ = /s}. Then 
0 E S, since f'^ = idx = f 0 . Let B E (and so fB = fB) <ind let a E A\B. 
Then /^uia} = f ° fs = f ° Ib = /su{a} and therefore A U {a} G S. Thus S is an 
inductive A-system and so A E S. Hence fA = fA- □ 

The mapping Ae^ f a will be called the functional assignment of finite sets in I. In 
particular /{«} = / for each element a, since /{«} = f 0 u{a} = / o /0 = / o idx = /■ 

Lemma 7.2 f o fA = fA ° f for each finite set A. 

Proof Let A be a finite set and put S = {B E V{A) : / o o /}. Then 

0 E S since f o f 0 = f o idx = / = idx ° f = f 0 ° f ■ Let B E and a E A\B. 
Then f o /^uja} = /o/o/r = /o/ro/ = /i?u{a} o / and so BU {a} E S. Thus 
S is an inductive A-system and so A E S. Hence f o f a = f a ° f ■ n 

The next result establishes an important relationship between u and the functional 
assignment. 



7 Another take on addition and multiplication 


72 


Proposition 7.1 If A and B are finite sets then fA = fs holds if and only if 
oj{A) = uj{B). 


Proof By definition u;{C) = fci^o) for each finite set C, and so uj{A) = uj{B) 
whenever fA = fs- Suppose conversely that oj{A) = oj{B) and consider the set 
Xo = {x G A : /a (a;) = /^(a:)}. Then Xq is f -invariant, since if x E Xq then by 
Lemma \7^ fA{f{x)) = /(/^(a:)) = fifsix)) = fsifix)), i.e., f{x) G Xq. Also 
Xq G Xq, since fA^Xo) = oj{A) = oj{B) = fsixo). Hence Xq = X, since I is 
minimal. This shows that fA^x) = /b(x) for all x E X, i.e., fA = fB- □ 

There is another way of obtaining the functional assignment: Consider the iterator 
I* = (Tlx, f*fidx), where /* : Ax —^ Ax is defined by ffih) = f ov for all v E Ax. 

Lemma 7.3 If is the assignment of finite sets in I* then a;* (A) = fA for each 
finite set A. 

Proof By definition = idx and ufiA\J{a}) = /*(a;*(A)) = foojfiA) for each 

finite set A and each a ^ A. Thus by the unigueness in Lemma m UjfiA) = fA 
for each finite set A. □ 


Proposition 7.2 If A and B are finite sets with A B then fA = fs- 


Proof This follows from Theorem \S.l\ (applied to and Lemma \773 


□ 


Lemma 7.4 If A and B are disjoint finite sets then /aub = fA° fs- 

Proof Let A and B be finite sets and let S = {C E V{A) : fcuB = fc ° /b}- Then 
0 E S since fesuB = fB = idx ° fB = f 0 ° fB- Let C E and let a E A \ C; then 
/cub = fc ° fB and hence by Lemma [77?] 

/(CU{a})UB = /(CUB)U{a} = f ° fcuB = f ° fc ° fB = fcu{a} ° fB ■ 

This shows that C U {a} G S. Thus S is an inductive A-system and so A E S. 
Hence /aub = fA° fB- □ 


Lemma 7.5 (1) If f is bijective then fA is bijective for each finite set A. 
(2) If f is injective then fA is also injective for each finite set A. 
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Proof (1) Let A be a finite set and put S = {B G V{A) : fs is hijective}. Then 
0 G S, since = idx is hijective. Consider B E and let a G A \ B. Then 
fBu{a} = f ° Ib and so fBu{a}, as the composition of two hijective mappings, is 
itself hijective, i.e., B U {a} G S. Thus S is an inductive A-system and so A E S. 
Hence fA is hijective. 

(2) Just replace ‘hijective’ by ‘injective’ in (1). □ 

As above let Mf = {u E '. u = f a for some finite set A}. Then in particular 
idx e Mf, since idx = f^, and f E Mf, since f = f^a} for each element a. 
Moreover, if f is injective (resp. hijective) then by Lemma [775| each element in Mf 
is injective (resp. hijective). 

Lemma 7.6 For all ui, U2 E Mf we have ui o U2 E Mf and ui o U2 = U2 o ui. 
(Since also idx ^ Mf this means that Mf is a commutative submonoid of the 
monoid (Tx, o, idA)-y^ 

Proof Let ui, U2 E Mf and so there exist finite sets A and B with ui = fA and 
'02 = fB- There then exists a disjoint pair {A',B') with {A',B') ^ {A,B) and 
hence by Proposition |7.ij| and Lemma |7A| 

Ml O = /a o /^ = fA' o f^, = fA'uB' = /r'UA' = /r' O fA' = fB ° fA = U2 ° Ul , 

i.e., U 1 OU 2 = U 2 OU 1 . Moreover, since U 1 OU 2 = /a'ub' and /a'ub' £ Mf, this also 
shows that wi o M 2 G Mf. □ 

As above let : Mf -E X be the mapping with d’3;o('*^) = u(xo) for all u E Mf. 
Then $j,p(idx) = Xq and ^xoifA) = /^(a^o) = oj{A) for each finite set A. An 
important property of is that 

(tj) M($a;o(M)) = ^xoi'a o m) for all u, v E Mf, 

which holds since u^^xoi'o)) = 'a(v(xo)) = (u o v)(xo) = ^xoi'a ° r). The special 
case of this with u = f gives us f{^xo{'a)) = ^xoif ° 'o) for all v E Mf. 

Lemma 7.7 The mapping is a bijection. 

Proof If g E X then by Lemma 1X51 there exists a finite set A with x = uj{A) and 
it follows that $xo(/a) = /^(a^o) = x){A) = x. Thus <l>xo A surjective. Now let 
Ml, M2 G Mf with $a;g(Mi) = ^xo{'a2)- By the definition of Mf there exist finite sets 
A and B with ui = fA and U 2 = fs, and hence 


u{A) = ^xoUa) = ^xoi'ai) = ^xo{'a2) = ^xoUb) = (x{B) . 
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Therefore by Proposition \ 1. 1\ Ja = fs, lc., = U 2 , which shows that is also 
injective. □ 

Proof of Theorem 16. i I Since —>■ A is a bijection there clearly exists a 

unique binary relation © on A such that 

^xo («l) ® (“ 2 ) = (wi ° W 2 ) 

for all ui, U 2 G Mf. The operation © is associative since o has this property: If 
Xi, X 2 , X 3 ^ X and Ui, U 2 , G Mj are such that Xj = for each j then 


{Xi ®X2) ®X3 = i^xoiUl) ® *^a:o(w2)) ® *^>xo(m3) 

= ^xo{Ul°U2) ® '^’xo(w3) = ^ xo {{ UlOU2 ) OU3 ) 

= ^xoiUl ° (“2 O U 3 )) = ^xq{Ui) © $xo(w2 O U 3 ) 

= ^xoiui) ® {^xo{u 2 ) © *^>xo(m 3 )) = a;i © (a;2 ©0:3) . 


In the same way © is commutative, since by Lemma \77^ the restriction of o to Mj 
has this property: If Xi, X 2 E X and Ui, U 2 G Mf are such that xi = 4>a;p(ni) and 
X 2 = ^xoi' 02 ) then ui o U2 = U20 ui and so 


Xi®X2 = 4>xo(Wl) ® ^xo{u2) 

= $xo(Ri O U 2 ) = ^xo{u2 O Ui) = ^xo{u2) © *^>xo(Wl) =X2®Xi . 


Moreover, if x E X and u G Mf is such that x = <l>a;Q (n) then 

x®Xq = 4>xo(r) ® '^’xo(idx) = 4’a;o(Moidx) = *^>xo(w) = x, 


and so X ® Xq = X for all x E X. 

Letxi, X 2 E A; we next show that for some x E X either xi = a; 2 ©a; orx 2 = x\®x. 
Let ui, U2 E Mf be such that xi = 4>a;o(ni) and X2 = 4’a:o('*^2) and let A and B 
be finite sets with ui = fA and U 2 = fs- By Theorem |^.^| there either exists an 
injective mapping p ■. A ^ B or an injective mapping q : B ^ A. Assume the 
former holds and put B' = p{A) and C = B\B'. Then B' and C are disjoint and 
B = B' U C; moreover, A k, B' (since p considered as a mapping from A to B' 
is a bijection) and so by Proposition \7.^ f a = fs'- Thus, putting x = 4>xo(/c); H 
follows that 


X2 — ^xo{u2) — $xo(/b) — *^’xo(/r'Uc) — ^xoifs' ° fc) 

= ^xoifs') ® ^xoifc) = ^xoifA) ® ^xoifc) = ^xoiui) ® X = Xi ® X . 

On the other hand, if there exists an injective mapping q : B ^ A then the same 
argument shows there exists x E X with Xi = X 2 ® x. 









7 Another take on addition and multiplication 


75 


Now to (aO) and (al), and we have seen above that (aO) holds. Let x, x' ^ X and 
let M, u' G Mf with x = $xo('w) = ^xo{u')- Then by (jj) 

X © f{x') = ® fi^xoiu')) = ^xo{u) © ^xoif o u')) 

= ^xoiuo f O u') = ^xo{f u') = /($a:o(R O «')) 

= f{^xo{u) © $xo(w')) = ® x') 

and so (al) holds. //®' is another binary operation on X satisfying (aO) and (al) 
then it is easy to see that Xq = {x' G A : x Q' x' = x Q x' for all x E X} is a 
f -invariant subclass of X containing x^. Hence Xq = X, since I is minimal, which 
implies that ©' = ©. 

Finally, if A and B are disjoint finite sets then 

= <!>xMa) ® ^xMb) = $xo(/a o fs) = $xo(/aur) = u;{A U B) . 

Moreover, © is uniguely determined by this reguirement: Consider any binary 
operation ©' on X for which uj{A) ®' oj{B) = uj{AU B) whenever A and B are 
disjoint finite sets. If C and D are any finite sets then there exists a disjoint pair 
{A,B) with {A,B) Ri {C,D) and hence by Theorem Vd . 1\ 

u{C) ©' u{D) = uj{A) ©' uj{B) = u{A U B) = uj{A) © uj{B) = uj{C) © uj{D) 

and so by Lemma UT^ O' = ©. This completes the proof of Theorem \6.1\ □ 

Let © be the operation given in Theorem \6.1[ The theorem shows in particular 
that (A, ©jXo) is a commutative monoid. The next result generalises Propositions 
16. SI and 16.31 and shows how properties of the mapping f correspond to properties 
of the monoid (A, ©, xq) . 

Proposition 7.3 (1) (A, ©,a:o) A a group if and only if f is a bijection. 

(2) The cancellation law holds in (A, ©,a;o) if and only if f is injective. 

Proof We have the commutative monoid (A, ©,a:o), and also the commutative 
monoid (M/,o,idx)- Now the operation © was defined so that 

^xoiUl) © = ^xo{Ul O U2) 

for all ui, U 2 G Mf and, since d)xo(iclx) = xq and is a bijection, this means 
© was defined to make : (M/,o,idx) (A, ©,a;o) a monoid isomorphism. 
It follows that the cancellation law holds in (A, ©,a;o) if and only if it holds in 
(Mj,o,idx) and that (A, ©,a;o) will be a group if an only z/(Mj,o,idx) is. It is 
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thus enough to prove the statements in the proposition with (A, 0,xo) replaced by 
{Mf,o,xo). 

(1) We first show that u~^ E Mf whenever u E Mf is a bijection. This follows 
from the fact that u~^{xo) E X and is surjective and so there exists v E Mf 
with $a;o('y) = thus by (jj) 

^xo{u ov) = ui^xfiv)) = u{u~\xo)) = Xo = $a;o(idA) 


and therefore uov = idx, since is injective. Hence u~^ = v E Mf. Now clearly 
Mf is a group if and only if each mapping u E Mf is a bijection and u~^ E Mf, 
and we have just seen that u~^ E Mf holds automatically whenever u E Mf is a 
bijection. Moreover, by Lemma [7751 (1) each element of Mf is a bijection if and 
only if f is a bijection. 


(2) Suppose the cancellation law holds in {Mf,ofidx), and let xi, X 2 E X with 
f{xi) = f{x 2 ). Then there exist ui, U 2 E Mf with = xi and ^xo{u 2 ) = X 2 

(since is surjective), and hence by (jj) 


^xoif O Ui) = fi^xoiUi)) = f{Xl) = f{x2) = f{<^xo{u2)) = ^xoif o U 2 ) . 


It follows that f oui = f 0 U 2 (since is injective) and so Ui = U 2 . In particular 
Xi = X 2 , which shows that f is injective. The converse is immediate, since if f is 
injective then by Lemma (2) so is each u E Mf and hence Ui = U 2 whenever 
u O Ui = u O U 2 . □ 


We now begin the preparations for the proof of Theorem \6.2[ 

For each u E Mf consider the iterator 1“ = (Tx,M*,idx); where m* : Tx Tx is 
defined by ufiv) = uov for all v E Tx and let uf be the assignment of finite sets 
in Thus uf : Fin Tx is the unigue mapping with u!f{0) = idx such that 
u:f{A U {a}) = ufi(jjf{A)) = uo uf{A) for each finite set A and each a ^ A. 

Now it is more convenient to write ua instead of uf {A) (this being consistent with 
the previous notation for the special case with u = f. Thus A u a is the unigue 
mapping with U 0 = idx such that M{Au{a}) = uo ua for each finite set A and each 
a ^ A. 


Lemma 7.8 (1) {fB)A = fsxA for all finite sets A and B. 
(2) {fB)A = {fA)B for all finite sets A and B. 


Proof (1) Let A and B be finite sets and put S = {C E V{A) : {fB)c = /sxc}- 
Then 0 eS since (/b )0 = idx = /0 = /bx 0- Let C E (and so {fB)c = fBxc) 
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and let a E A\C. Then B x {C U {a}) is the disjoint union of the sets B x {a} 
and B X C and B x {a} ~ B; thus by Proposition \ 1 . ^ and Lemma \7A\ 

(/B)cu{a} = fB°{fB)c = fB^fBxC = fBx{a}°fBxC = f (Bx{a})L>{BxC) = fBx{CU{a}) 


and so C U {a} G S. Hence S is an inductive A-system and so A E S. Hence 

(/b)a = IbxA- 


(2) By Proposition 1. 2\ fBxA = 
by (1) Ub)a = JbxA = Iaxb = 


fA xB, since clearly B x 
(/a)r. □ 


A ^ Ax B, and therefore 


The next result is not needed in what follows, but it shows that (^) in Section\^ 
holds, and could thus be used instead of Lemma lK^ in the previous proof of Theo- 
rem \6.2\ 


Lemma 7.9 Let {A,B) and {A',B') be pairs of finite sets. 

(1) If fA = fA' and fs = fB' then fAxB = fA'xB'- 

(2) Ifuj{A,B) =uj{A',B') thenu{A x B) = uj{A' x B'). 


Proof (1) By several applications of Lemma m (1) and (2) we have 

fAxB = {fB)A = {fB>)A = (/a)b' = {fA')B> = {fB>)A> = fA'xB' ■ 

(2) This follows immediately from (1) and Proposition \ 1. 1\ □ 


Lemma 7.10 Let v E Mj. Then: 

(1) va & Mf for every finite set A. 

(2) If A and B are finite sets with fA = fB then va = vb- 


Proof (1) Let A be a finite set and put S = {B E V{A) : vb G Af/}. Then 0 eS, 
since = idx G Mf. Consider B E (and so vb G Mf) and let a E A \ B. 
Then VBu{a} = v o vb E Mf, since Mf is a submonoid of (TxjOjidx)? and so 
B U {a} G S. Hence S is an inductive A-system and so A E S. Thus va £ Mf. 


(2) There exists a finite set C with v 


fc and thus by Lemma \77^ (2) 


Va = (/c)a = (/a)c = (/r)c = (/c)b = ts . □ 


Let V E Mf; then by Lemma 7.10 there exists a unique mapping : Mf —)■ Mf 
such that 'ipvifA) = Va for each finite set A, and in particular 'ipvif) = v (since 
if a is any element then f = f^a} and v = V{a})- Moreover, if v = fB then by 
Lemma\77S\ (1) fJvifA) = fAxB- 

A mapping i) : Mf -A- Mf is an endomorphism (of the monoid {Mf,o,idix)) if 
i/)(idx) = idjf and o U 2 ) = '0('Wi) ° '4’{v2) for all Ui, U 2 E Mf. 
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Lemma 7.11 (1) ipy is an endomorphism for each v E Mf. 
(2) ipv{u) = 4>u{v) for all u, v E Mf. 


Proof (1) Ifui,U 2 E Mf then there exist disjoint finite sets A and B with Ui = 


and U 2 = fs and hence by LemmalTJ 


'Ipviui O U 2 ) = 'IpvifA o fs) = 'IpvifAus) = VauB =VaOVb= f^vifA) ° f^vifs) 

(noting that proof of Lemma \T^ also shows that vavjb = va ° vb- Moreover, we 
have fjvifdx) = 'ipvif 0 ) = V 0 = idx and hence is an endomorphism. 

(2) Let A, B he finite sets with u = fA and v = fB- Then by Lemma fTT^ (2) 
ily{u) = 'IpvifA) =Va = {fB)A = {fA)B = Ub = f^uif b) = i^uiv) ■ □ 


Proof of Theorem \6.iA Define a binary operation o : Mf x Mf -A- Mf by letting 

uov = i)u{v) 

for all u, V E Mf . In particular, if A and B are finite sets then by Lemma \778{ (1) 
fAO fB = 'ipfAi.fB) = (/a)b = fAxB and therefore 

fAO fB = fAxB 


for all finite sets A and B. Let u, v, w E Mf and A, B and C he finite sets with 
u = fA, V = fB and w = fc. Then clearly A x [B x C) {A x B) x C, so by 
Proposition [77^ fAxiBxC) = f{AxB)xc and thus 

UO{vOw) = fAO {fBO fc) = fAO fBxC 

= fAx(BxC) = f{AxB)xC = fAxB O fc = {fA O /s) O fc = {uOv) OW . 


Hence o is associative. Moreover, Lemma \7.11\ (2) shows that o is commutative, 
since uo v = 'i(u{v) = 'f’vi'a) = v ou for all u, v E Mf . Also (with a any element) 
mo/ = uo f^a} = R{a} = u, i.c., UO f = u for all u E Mf , and by Lemma \7. 1 1\ (1) 
u o idx = idx and uo {vi o V2 ) = {uo mi) o (m o M2) for all u, Vi , V2 E Mf . 

Now since : Mf ^ X is a bijection there clearly exists a unigue binary relation 
^ on X such that 

(Wl) ® (“2) = (wi ^ W2) 


for all Ml, U 2 E Mf , and exactly as in the proof of Theorem. Id. il the operation 
® is associative and commutative since o has these properties. The same holds 
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true of the distributive law: Let x, xi, X2 G X, and u, vi, V2 G Mf be such that 
X = ^xo{u), Xi = and X2 = ^xo{v2)- Then 

T (g) (Ti © X 2 ) = ^xo{u) © ($a;o(^'l) ® *^xo(^'2)) 

= ^xo{u) © $a;o(A OT2) = $a:o («0 ° ^^2)) 

= O {UOV 2 )) = ^xoiuOVi) © ^xo{uOV2) 

= i^xoiu) © $a;o(^l)) ® (*^a:o(M) ® *^xo(^'2)) = (t © Xi) © (x © X 2 ) 

Next, if X E X and u G Mf is such that x = (m) then 

x<S)Xo = ^xo {u) © ^xo (idx) = ^xo {u o idx) = ^xo (idx) = Xq , 

x<^ f{xo) = <I>^o(r) © $^o(/) = ^xoiuo f) = ^xo{u) = X 
and so X ® Xq = Xq and x © /(tq) = x for all x E X. 

We have already seen (mO) holds and, since f{xo) is an identity element, (ml) is a 
special case of the distributive law: Let x, x' G X; then by (aO) and (al) and since 
© is commutative it follows that f{x') = f{x'(Bxo) = x' (Bf{xo) = f{xo)(Bx', and 
hence x® f{x') = x® (/(tq) ©t') = {x® f{xo)) © (a;©a;') = x© {x®x'), which is 
(ml). Finally, if ®' is another binary operation satisfying (mO) and (ml) then it 
is easy to see that Xq = {x' E X : x ®' x' = x ® x' for all x E X} is a f-invariant 
subset of X containing Xq. Hence Xq = X, since I is minimal, which implies that 
©' = ©. □ 



8 Permutations 


Let E be a set; as in Section 0 T^; denotes the set of all mappings f : E ^ E 
of E into itself, considered as a monoid with functional composition o as monoid 
operation and id^; as identity element. Denote by Se the set of bijective mappings 
in Te, thus '^e is a submonoid o/T^ and it is a group. 

If A is finite then the elements of are often referred to as permutations. 

An element r of Se will be called an E-transposition, or just a transposition when 
it is clear which set E is involved, if there exist b, c ^ E with b ^ c such that 

{ c if X = b , 
b if X = c , 

X otherwise . 

This transposition will be denoted by Tb^c, or by when the set E cannot be 
determined from the context. Each transposition is its own inverse. 

Denote by ¥2 the multiplicative group {+, —} with H—!- = —• — = + and -h = 

+ • — = —. For each element s G F 2 the other element will be denoted by —s. 

Let E be a set; we call a mapping aE '■ Se ^ F 2 an E-signature if aEif^E) = + 
and aEir o /) = —aE^f) for each f E Se and for each E-transposition r. In 
particular, it then follows that (Te{t) = — for each E-transposition r. 

Theorem 8. 1 For each finite set A there exists a unigue A-signature a : —)■ 
F 2 . Moreover, a{f o g) = a{f) ■ a{g) for all /, S' G and hence a is a group 
homomorphism. 

Proof We first need some preparation and start by noting some of the standard 
identities concerning the composition of transpositions which will be needed. 

Lemma 8.1 Let p, q, r, s be elements of some set E with p ^ q and r ^ s. Then 

(1) Ws o Tp,q = Wq ° Ws elements p, q, r, s are all different. 

(2) Tr^s o Tp^q = Ms ° Ms if P = T and q^ s. 

(3) Ms o Tp^q = ids = Tp^q o ^s if p = v and q = s. 

Proof Just check what happens to the elements p, q, r, s. (All other elements in 
E remain fixed.) □ 
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In what follows let B be a set and a ^ B; put C = B U {a}. Denote by the 
subgroup of Sc consisting of those mappings f E Sc with f{a) = a. For each 
f E Sq denote by fs the restriction of f to B, considered as an element o/Sb. 
The mapping (ps '■ S'f, ^ Sb with (psif) = fs for each f E Sq is clearly a group 
isomorphism. 

Going in the other direction, if g eSb then denote by g°' the extension of g to C 
with g°‘{a) = a; thus g°' E and {g°')B = 9- The mapping : Sb —>■ S^ with 
= 9°" for each 9 E Sb is the inverse of the isomorphism p>B- 

Note that if b, b' E B with b ^ b' then E and ~ '^bb'- 

Consider f E Sc \ S^; then b = f {a) E B and rffb ° f ^ ^c- Since rffb is its own 
inverse we have f = rf^b ° i^ab ° f) which shows that each mapping in Sc\S^ 
can be written as the composition of a mapping in S^ with a C-transposition. The 
transposition can also be chosen to be on the other side of a mapping from S^; 
There exists a unigue element b' E B with fib') = a, then f o e S^ and 
f = (f °^a,b')°r^,b'- 

Lemma 8.2 Let ac : Sc —)■ F 2 a C-signature and define aB ■ Sb ^ F 2 by 
(Tb = (Tc o 'ip°'. Then (Jb is a B-signature. Moreover, 

(Tcif) = CTBiPBif)) for each f E S^, 

(Tcif) = -(rBiPBirfpb o /)) for each f E Sc \ S^, where b = /(a) G B (and as 

above r^b ° / ^ S^f). 

In particular, ac is uniguely determined by ctb- 

Proof We have (TB(idB) = ac('^“(idB)) = cTc(idc) = + and 

(Tnir o /) = ac(i/’“(r o /)) = ac(i/’“(r) o i/>“(/)) = -ac(i/’“(/)) = -ctb(/) 

for each f E Sb and for each B-transposition r, since is a C-transposition. 

This shows that ctb is a B-signature. If f E S^ then f = '^“(v^b(/)) and hence 
(Tcif) = c^c(^“(<^b(/))) = (TBiPBif))- /// e Sc \ S^ then f = T^^b° i^a,b ° /) 

^a,b ° / e s^. Thus acif) = -(Tcirffb o f) = -(TB{pB{rfPb of)). □ 


Lemma 8.3 Let ctb : Sb —)■ F 2 a B-signature and let ac '■ Sc ^ F 2 bo the 
mapping given by 

c^cif) = (TBiPnif)) for each f E S^, 

(^c{f) = -(^B{PB{rffb o /)) for each f E Sc \ S^, where b = f{a). 
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Then ac is a C-signature. 

Proof To start with ac{idc) = <JB{pB{idc)) = <JB{idB) = +■ Thus let f E Sc and 
let c, d E C with c ^ d; we must show that ° /) = ~^c{f)- 

Suppose first that both c and d lie in B. There are three cases: 

(1) f E Sf,. In this ease ° f E Sf, and hence 

(^c{rc,d ° /) = ° /)) = ° TbU)) 

= (^B{T^d ° PBif)) = -(^BiPBif)) = -C^cif) ■ 

(2) f E Sc \S'fi with b = f{a) ^ {c, d}. In this case we have ° f E Sc \ Sf; 

with {r^d ° /)(®) = ^ Lemma [O o = r^d ° '’'ab’ since the elements 

a, b, c, d are all different. Hence 

° /) = -(^B{TB{T^^b ° ° /)) = -(^b{tb{t^4 o r^,b ° /)) 

= -(yB{.TBiT^,d) o TB{T^,b ° /)) = -(^Bir^d ° TB{r^,b ° /)) 

= (TB{TB{Ta,b ° /)) = ■ 

( 3 ) f E Sc \S^c with b = f[a) E {c,d}, and without loss of generality assume 
b = d. In this case rfid ° f E Sc\S^ with {rfid ° /)(o) = c and by Lemma IK1\ (2) 

^c4 ° ° ^c,d- 

(^c{T^,d ° /) = -(^b{Tb{t^,c ° '^c,d ° /)) = -(^B{TB{T^,d ° ° /)) 

= o PBir^^b ° /)) = ° ° /)) 

= o /)) = -crc(/) • 

This deals with the cases when both c and d lie in B. Suppose now then that one 
of c and d is egual to a, and without loss of generality it can be assumed that c = a 
(and so dE B). There are the same three cases as above: 

(1) f E S^. Here rfid ° f E Sc \Sq with {rfid ° /)(«) = d and thus 

(^circ,d ° /) = -(^BiTBiTa,d ° ^c,d ° /)) = -(^BiPBif)) = -(^cif) , 
smce rfid ° r^,d = ° = i^c- 

(2) f E Sc \Sf with b = /(a) ^ d. Here rfid o / G Sc \ with {r^d ° /)(«) = ^ 
and by Lemma \8H\ (2) o = rffd ° Hence 

^c{Tc,d ° /) = -^B{TB{Ta,b ° r^,d ° /)) = -(^B^TBij^f^d ° ^a,b ° /)) 

= -(^BiPBirlfJ O ^B{T^,b ° /)) = -(^Bir^d ° TB{,T^,b ° /)) 

= (^B{TB{Ta,b ° /)) = -(^c(/) • 
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(3) / G Sc \ with b = f{a) = d, and hence (a, h) = (c, d). Here o / G 
since o /) (a) = a and therefore 

(^c{r^,d ° /) = ° /)) = ° /)) = -c^c(/) • 

T/iis deals with the cases where one of c and d is equal to a, and so all of the 
possibilities have now been exhausted. Thus oq is a C-signature. □ 

The first statement in Theorem, \8.1\ follows directly from Lemmas \8. a,nd \8. ,91 - Let 
A he a finite set and let S he the set consisting of those B G V{A) for which 
there exists a unique B-signature. Then 0 G 5, since S 0 = {id 0 } (and there 
are no -transpositions). Now let B G S^, let a E A \ B and put C = B U {a}. 
Then by Lemma, \K^ there exists a C-signature ac which is the unique C-signature, 
since by Lemma\8fMit is uniquely determined by the unique B-signature as- Thus 
B U {a} G S. Hence S is an inductive A-system and so A & S. This shows that 

for each finite set A there is a unique A-signature a : —>■ F 2 . 

In order to show that the second statement in Theorem no holds (i.e., that the 
unique A-signature is group homomorphism) we need the following fact: 

Proposition 8.1 For each finite set A the group is the least submonoid o/T^ 
containing the A-transpositions. 

Proof Let A be a finite set and let S be the set consisting of those B G 'P{A) 
for which Sb is the least submonoid o/T^ containing the B-transpositions. Then 
0 G iS, since S 0 = T 0 = {id 0 } (and there are no -transpositions). 

Now let B & and a & A\B; put C = -BU{a} and consider any submonoid M of 
Tc containing the C-transpositions. Then S^flM is a submonoid ofTc containing 

all C-transpositions of the form with b, c E B and hence 9 ?_b(S^ fl M) is a 

submonoid o/T^ containing all the B-transpositions. Thus Sb C fl M) 

(since B E S) and it follows that C M. But we have seen that each element 
of Sc \ S^ can be written in the form r o / with r a C-transposition and f E S'), 
and hence also Sc \ S^ C M . This shows Sc = (Sc \ S^) U S^ C M , i.e., that 
B U {a} G S. 

Hence S is an inductive A-system and so A E S. For each finite set A the group 
Sb is thus the least submonoid o/T^ containing the B-transpositions. □ 

We also need the following standard fact: 

Lemma 8.4 Let (M, •,e) be a monoid and let T C M. If Q is any subset of M 
containing e such that t • q E Q for all q E Q and all t E T then (T) C Q, where 
(T) denotes the least submonoid of M containing T. 
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Proof Let N = {a E M : a» q E Q for all q E Q}; then clearly e E N and if 
ai, 02 E N then (ai • 02 ) • q = ai • {02 • q) E B for all q E Q, i.e., ai • 02 E N. 
Thus N is a submonoid of M and by assumption T C N; hence (T) C N. But 
N <Z Q, since e E Q, and therefore (T) G B. □ 

Let A be a finite set and consider the unique A-signature cta : Sa —)■ F 2 - Let T be 
the set of A-transpositions and 

Q = {f eSa'. ctaU og) = oaU) ■ (TA{g) for all g E Sa} ; 

thus in particular id^ E Q. If t eT and f E Q then 

(^A{{Tof)og) = aAiTo{fog)) = = -crA(/) ■ 1X^(5') = crA{rof)-aAig) 

for all g E ^A ond therefore t o f E Q. Hence by Lemma {T) C Q. But by 
Proposition \8.1\ (T) = Sa and so Q = Sa- This shows that the unique A-signature 
a is a group homomorphism, which completes the proof of Theorem \8.1[ □ 





9 The generalised associative law 


Let • be a binary operation on a set X, written using infix notation, so Xi • 
denotes the product of Xi and X 2 ■ The large majority of such operations occurring 
in mathematics are associative, meaning that {xi • X 2 ) • X 3 = xi • {x 2 • x^) for 
all xi, X2, X3 G X . If • is associative and xi, X2, ..., Xn G X then the product 
xi • X 2 • ■ ■ ■ • Xn is well-defined, meaning its value does not depend on the order in 
which the operations are carried out. 

This result will be established in the present section. We first define a particular 
order of carrying out the operations. This is the order in which at each stage the 
product of the current first and second components are taken. For example, the 
product of the 6 components x\, X 2 , X 3 , X 4 , X 5 , xq evaluated using this order results 
in the value •{xi,... ,Xq) = (((((xi • X 2 ) • X 3 ) • xfi) • x^) • Xq). In general, the 
corresponding product of n terms will be denoted by •{xi,... ,Xn)- 

Theorem 1.9. il states that if • is associative then 

• , ... , Xjyi, , ... , Xn) Q. * (5 , 

where a = •(xi,... ,Xm) and (3 = •(xm+i, • • • ,x„). This is a weak form of the 
generalised associative law, although it is one which is often all that is needed. 

Theorem \9.I\ gives the general form of the generalised associative law and states 
that if • is associative then •(xi,..., x„) = •r(xi, ..., x„) for each M from the set 
of prescriptions describing how the operations are carried out. The main task is 
to give a rigorous definition of this set. We do this using partitions of intervals of 
the form {k ^ X : m < k < n} in which each element in the partition is also an 
interval of this form. 

Recall that by a partition of a set S we mean a subset Q of Vq{S) such that for 
each s E S there exists a unigue Q E Q such that s E Q. Thus, different elements 
in a partition of S are disjoint and their union is S. 

Consider the product ((xi • X2) • ((xs • X4) • X5)) . The order of operations involved 
here can described with the help of the following seguence of partitions of the set 
{1,2,3,4,5}.- 

{{1},{2},{3,4},{5}} 

{{1,2},{3,4},{5}} 

{{1,2},{3,4,5}} 

{{1,2, 3,4,5}} 

For each of these partitions (except the last one) the next partition is obtained by 
amalgamating two adjacent partitions. Corresponding to these partitions there is 
a seguence of partial evaluations: 
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{{xi}, {X 2 }, {xs}, {0:4}, {3:5}} 

{0:2}, {(2:3 • 2:4)}, {2:5}} 

{{(xi • X2)}, {(X3 • X4)}, {xs}} 

{{(xi • X2)}, {((X3 • X4) • X5)}} 

{{((xi • X2) • ((X3 • X4) • X5))}} 

and the final expression is essentially the product we started with. 

Instead of using intervals of the form {k E 7^ : m < k < n} we prefer to use a 
formulation in terms of a finite totally ordered set. 

Thus let {E, <e) he a non-empty finite total ordered set with maximum element z 
and define a mapping f ■. E ^ E by letting /(e) he the least element in {e' E E : 
e' >E e} if e ^ z and putting f{z) = z. Then I = {E, f, cq), with cq the minimum 
element in E, is a finite iterator with fixed point z and by Proposition I5.gl I is 
minimal. The totally ordered set {E, <) is considered fixed in what follows, but 
recall that if A is any finite non-empty set then by Lemma WIR there exists a totally 
ordered set {E, <) with E k, A. 

For all r, s E E with r <e s put [r, s] = {e E E ■. r <e e <e s}. Sets of this form 
will be called intervals. Also put [r, s) = {e E E ■. r <e e <e s}. 

Lemma 9.1 Let [p, q\ he an interval and let B C [p, q]. Suppose p E B and 
f{s)EB for all s E \p,q). Then B = \p,q]. 

Proof Consider the restriction <[p,g] of the total order <e to the interval [p, q] and 
define fq : [p,q] -E [p,q] by letting fq{r) = /(r) if r E \p,q) and putting fq{q) = q. 
Then I[p^g] = ([p, O'],/g,p) is the iterator given by Proposition 15.21 for the totally 
ordered set ([p, g], <[p,g]) and by Proposition \5.I\ I[p^g] is minimal. But this is just 
the statement in Lemma l9l\ □ 

In what follows let X be an arbitrary non-empty set and let • be a binary operation 
on X. If I is an interval then an I-tuple with values in X is just a mapping s ^ Xg 
from I to X. If the interval is given explicitly as [p, q] then a [p, q\-tuple will usually 
be written as (xp, ..., Xq). 

Proposition 9.1 Let [p, g] he an interval and let {xp,... ,Xq) be a [p,q]-tuple. 
Then there exists a unique \p,q]-tuple (vip, ..., vr^) with Tip = Xp and such that 
T^f(s) = • Xf(^s) for all s E [p, q). 


Proof Let B he the subset of [p, q] consisting of those s for which there exists a 
unique [p, s]-tuple (tt®, ..., vr^) with = Xp and such that — '^y* ^f{y) 
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y G [p, x). Then p E B with {xp) the unique [p,p\-tuple. Thus let s E B \ {q} and 
let (TTp,..., 7rf) be the corresponding unique \p,s]-tuple. Then we can extend this 

[p,s]-tuple to a \p, f{s)]-tuple by putting for each y E [p, s] and letting 

~ '^hen (71/*-*^ ..., Trjigj) is the unique [p, f{s)]-tuple having the 

required properties and hence f{s) E B. Therefore by Lemma \ 9 . 1 \ B = [p, g]. □ 

We denote the element Hq of X defined above by •{xp,... ,Xq). 

Let (xi,X2,X3,X4) be a [l, 4 ]-tuple (with [ 1 , 4 ] C N and let (711,712,713,714) be the 
[l, 4 ]-t'up/e given by the above proposition. Then 

TTi = Xi; 712 = TTi • X2 = Xi • X2, ^3 = 712 • X3 = (Xl • X2) • X3, 

7r4 = 713 • X4 = ((xi • X2) • X3) • X4. Hence •(xi, X2, X3, X4) = ((xi • X2) • X3) • X4. 

Theorem 9.1 Let p, q, r E E with p < q and f{q) < r and note that [p, r] is 
the disjoint union of [p, q] and [f{q),r]. Let (xi,..., x^) be a [p, r]-tuple and so we 
have a [p, q\-tuple (xp,..., Xg) and a [f {q), r]-tuple (x/(q)..., x^). Suppose that the 
operation • is associative. Then •(xp,,..., x^) = a • ( 3 , where a = •(xp,..., Xg) 
and (3 = •(x/(q),...,x^). 

Proof For each s E [f{q),r] put ( 3 s = •(x/(g) • • •,, x^) and let 

B = {s E [/(g), r] ; -(xp,..., x^) = a • (ds}. 

Then f{q) E B since •(xp,... ,x/(g)) = •(xp,... ,Xg) • x/(g) = a • ( 3 f{g). Thus let 
s E B O [/(g), r). Then •(xp ,..., s) = a • / 3 s and 

• (xp,... ,x/(^)) = •{xp,...,Xs)»Xf(^s) = {a*/ 3 s) •Xf(^s) = a»{/ 3 s»Xf(^s)) = «»/^/(s) 

and hence /(s) G B. Thus by Lemma [Q] B = [/(g), r], i.e., •(xp,..., Xr) = a* / 3 . 

□ 

If I is an interval then an interval partition of I is a partition Q such that each 
element of Q is also an interval. From now on partition always means interval 
partition. The partition consisting of the singleton sets [r,r], r E I, will be denoted 
by Qo and the trivial partition {/} by Qt. 

Let Q be a partition of I and let J = [r, s] and K = [m,x] be elements of Q. Then 
{J,K) will be called an adjacent pair if f{s) = u. In this case J U K = [r, x] is 
the disjoint union of J and K. A partition Q is said to be an I-reduction of Q 
if there exists an adjacent pair (J, K) such that Q! = Q\{J, K} U {J U K}. The 
partition Q! will be denoted by Q{J, K). Consider the interval I = \p,q] to be fixed 
and let Q be a subset of the set of all partitions of I containing Qq and Qt. Put 
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Qs = Q \ {Qt} and /ei $ : Q —)■ Q 6e a mapping with $(Qt) = Qt- Thus there 
is the iterator M = (Q, Qo) and M will be called an I-reduction if it is minimal 
and $(Q) is a reduction of Q for each Q G Q^. Note that if p = q then there is a 
unique I-reduction with Q = Qt{I} and with $ the identity mapping. If q = f{p) 
then there is also a unique I-reduction with Q = {Qo, Qt} and with $(Qo) = Qt 
and $(Qt) = Qt- In what follows let M = (Q, Qo) be an I-reduction. Thus 
M. is a finite minimal iterator with fixed-point Qt and so let < be the total order 
on Q given in Proposition 15. il Let <, > and > have their usual meanings. If A 
and B are finite sets then as before A B means there is an injective mapping 
h : A ^ B and we write A -< B if both A B and A ^ B hold. Moreover if 
B ^ 0 then we write A -<o B if A k, B\ {6}, where b is any element in B. If 
Q E Qs then $(Q) -<o Q- 

Lemma 9.2 If Q, Q' E Q with Q ^ Q' then Q = Q!. 

Proof Put S = {Qo} U (Q G Q \ {Qo} : Q -< Qo} and let Q E S \ {Qo}- Then 

Q -< Qo and thus either Q E Q5, in which case $(Q) -< Q or Q = Qt, in 

which case $(Q) = Q. In both cases $(Q) -< Qo and so $(Q) G S. Thus S is 

^-invariant and contains Qo- Hence S = Q, which shows that Q -< Qo and in 

particular Q 9 ^ Qo for all Q E Q \ {Qo}- Now let Q, Q' E Q with Q ^ Q! and 
suppose that Q ^ Q'. We can assume that Q < Q' and that Q is the least element 
of Q such that Q Q' for some Q! > Q. Then Q 7^ Qo since Q 9^ Qo for all 
Q G Q \ {Qo} and so also Q! ^ Qo- Hence by Proposition \3.3\ Q = $(W) and 
Q! = for some U, W E Q. Now U -<o Q, W -<o Q! and Q^ Q' and it follows 
from Proposition 15. 1\ (f) that W > U and Li ~ W. But Li < Q, which contradicts 
the minimality of Q. Therefore if Q, Q' E Q with Qfi^Q! Then Q’^ Q! and hence 
if Q, Q' E Q with Q^ Q! then Q= Q'. □ 

Proposition 9.2 For each .1 E Vfil) there exists a unique Q G Q with Q ^ J. 

Proof Let S = { 0 } U {J G Po(-^) : there exists Q E Q with Q^ J}. Let J E 
and j E I \ J; put J' = J U {j} . If J = 0 and so J' = {j} then Qt ~ J'. If J ^ 0 
then Q ^ J for some Q G Q and Q Qo, since Qo ~ / and J is a proper subset 
of I. Thus by Proposition \d.!d\ Q = $(Q') for some Q' E Q and then Q! J', 
since Q -<o Q!. Thus in both cases J' E S and therefore S = V{I). This shows 
that for each J E Vo{I) there exists Q G Q with Q ^ J. The uniqueness follows 
from Lemma lQ.A □ 

Lemma 9.3 Let A and B be finite sets, let S C VIA) and suppose that for each 
J E Vo{B) there exists a unique C E S with C ^ J. Then B ^ S. In particular. 
Proposition ^.^ implies that I ^ Q. 
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Proof There is a unique surjective mapping a : Vo{B) ^ S with a{J) ~ J for each 
J G Vo{B). Let be the restriction of the equivalence relation ~ to Vo{B) and 
let £{B) he the set of equivalence classes. Then the mapping a induces a bijective 
mapping a' : £{B) —S and hence by Proposition \2.13\ B ^5. □ 


Proposition 9.3 Suppose M = (Q, Qo) satisfies the requirements for being an 
I-reduction except for the assumption that it he minimal. Then I P Q and I ^ Q 
if and only if M is minimal. 

Proof Let Qo he the least ^-invariant subset of Q containing Qq and let $o be 
the restriction of ^ to Qo- Then Mq = (Qoi *^ 0 ! Qo) is minimal and thus is an 
I-reduction and so by Lemma \9. 3\ I ^ Qq. Hence I P Q and / ~ Q i/ and only if 
M is minimal. □ 

In what follows assume that M is minimal. 

Proposition 9-4 Let s ^ Xg be an I-tuple. Then for each Q G Q there is a 
unique mapping ojq : Q —)■ X with uq^^{\z,z\) = Xz for each z E I and such that 
if Q E Qs with $(Q) = Q{J,K) then u^(^q){M) = uq{M) if M ^ J U K and 
iv<i,(Q)(J U K) = ojq{J) • ojq{K). 


Proof For each Q E Q let P{Q) be the statement that for each U < Q there exists 
a unique mapping : IL ^ X with Uq^{[z,z]) = Xz for each z E I and such 
that if U E Qs with $(W) = U{J,K) then = uj^{M) if M ^ J VJ K 

and \J K) = •oj^{K). Then clearly P(Qo) holds and so let Q E Q 

be such that P(Q) holds; put V = $(Q). We must show that P(V) holds and if 
U <V then either U < Q or U = V. If U < Q then put = u^. Finally, if 

U = V eQs with $(V) = V(J,X) then put a;^(v)(M) = u^{M) if M ^ J U K 

and \J K) = 0 Jq{J) •u}q{K). Then {ojj^ : lA < V} are the unique mappings 

satisfying the requirements for P(V) and hence P(V) holds. Therefore P(Q) holds 
for all Q G Q. We now define ojq = for each Q E Q. □ 

Note that is a mapping from the singleton set {/} to X and this element of 

X will be denoted by •]r(s i—)■ Xg). If p = q then •]R(xp) = Xp and if q = f{p) then 
•m^XpyXq) = Xp» Xq, whcrc in both cases M is the unique I-reduction. 

The element •{s ha Xg) of X arising from Proposition 1.9. 1\ is obtained using the 
I-reduction M = (Q, Qo) where $(Q) = Q{Lq, L‘q) with (Lg,Lg) the adjacent 
pair consisting of the first and second elements in the partition Q. 
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Theorem 9.2 Suppose that • is associative. Then 

•]r(s ha Xs) = •{s HA Xs) 

for each I-tuple (s ha Xg) and each reduction R. 

Proof In what follows we assume that I contains at least two elements and so by 
Theorem I5.il (2) there exists a unique Q 2 £ Q with $(Q 2 ) = Qt- Clearly the 
partition Q 2 consists of exactly two components. Thus if I = \p, q] then there 
exists t G [p,q] with p <e t <e q such that Q 2 = {L,R}, where L = [p, t] and 

R = 

Lemma 9-4 For each Q G Q 5 and each Q & Q either Q C L or Q C R. 


Proof Let Qo denote the set of those Q G Q which contain an element Q which 
intersects both L and R. Then Qo is ^-invariant: Let Q G Q; then each component 
of $(Q) is either equal to a component of Q or is the union of two adjacent 
components of Q. Thus if Q ^ Qo then $(Q) G Qo- Note that Q 2 ^ Qo but 
Qt £ Qo- Suppose Qo \ {Qt} is non-empty ; then by Proposition \2. 14\ it contains 
an element U which is maximum with respect to the total order < and U < Q 2 , 
since Q 2 4- Qo- Rwt then <I>(W) G Qo \ {Qt}, which contradicts the maximality of 
U. Therefore Qo \ {Qt} = 0 ond hence for each Q G Q 5 and each Q E Q either 
Q C L or Q <Z R. □ 


For each Q E Qs let Ql = {Q E Q : Q G L} and Qr = {Q E Q-. Q G R}. Then 
Ql is a partition of L and Qr a partition of R. Moreover Ql and Qr are disjoint 
subsets of Q whose union is Q. 

Put Qz = {Q E Qs ■■ $(Q) G Q5} and so Qz = Qs \ {Q2}- If Q E Qz with 
*^*(2) = Q{J,K); then either JUKgL or JUKgR. Thus we can define a 
mapping A : Q^ —)■ {L,R} by letting A(2) = L if JUKgL and A(2) = R if 
JUK gR. 

Let Q E Qz and so $(Q) is a reduction of Q. If X{Q) = L then $(2)l -<o Ql 
and ^{Q)r = Qr and i/A(Q) = R then $(Q)l = Ql and ^{Q)r Pq Qr. 

Let U be the set of L-partitions having the form Ql for some Q E Q 5 . Thus 
Ql E V for each Q G Qs but in general the representation as Ql cannot be 
unique. Note that U contains the elements Uq = (Qo)l and Ut = (Q 2 )l = {L}. 

For each U eV let Qu = {Q E Qs ■ Ql =11} and let W be the largest element in 
Qu. Then U = Uf, since W E Qu. 
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Define a mapping : U —>■ U by letting $l(W) = ifU"^ G Qz and letting 

= (Ut ifld^ = Q 2 - In particular ^l{Ut) = Ut- 

We thus have the iterator = (U, (Uq). 

Let U 5 = U \ {Ut}, thus U G U 5 if and only ifU^ G Qz. 

Lemma 9.5 (1) LetU G U 5 and so Q = U'^ & Qz- Then $(2) is a reduction of 
Q with X{Q) = L and ^l(U) is an L-reduction ofU. 

(2) Let Q e Qz with \{Q) = L. Then Q = (Ql)^ and ^l{Ql) = ^{Q)l- 

Proof (1) We have ^{W) ^ Q^ and so <1>(W^)l ^ U = Uf, i.e., ^{W)l ^ Uf. 
Thus 7 ^ and hence is a reduction ofW with X{U^) = L. It follows 

that ^l{U) = is an L-reduction ofU. 

(2) We have $(Q) is a reduction of Q and X{Q) = L and so $(Q)l 7 ^ Ql- Thus 
Q is the largest element V G Q 5 such that Vl = Ql and hence Q = (Ql)^- It 
follows that ^l{Ql) = $((Ql)^) = ^{Q)l- □ 

Let Ql = {Q G Qz ■ Q = U^ for some U G U 5 }. If Q = W then Ql = U and 
so U is uniguely determined by Q. Thus there is a mapping 6 l ■ Ql U 5 such 
that 6 l{Q) = U whenever Q = W. If Sl{Q) = 5l{Q') then Q = Q! = W for some 
U G Ql and hence 6 l is injective. But 6 l is clearly also surjective and therefore 
6 l is a bijection. The inverse of 6 l is the bijective mapping 7 l : U 5 —)■ Ql given 
byjL{U) =W for allUe Us- 

Lemma 9.6 Ql = {Q ^ Qz : is a reduction of Q with A(Q) = L}. 

Proof If Q E Ql then by Lemma l975\ (1) ^{Q) is a reduction of Q with 7(2) = L. 
Conversely, if ^{Q) is a reduction of Q with 7(2) = L then by Lem’s \9lR (2) 
2 = (2l)^ and so Q e Ql- □ 

Let V be the set of R-partitions having the form Qr for some Q G Qs - Note that 
V contains the elements Vo = ( 2 o)h and Vt = {Q 2 )r = {.R}- 

For each V eY let Qv = {2 G Qs ■ Qr = V} and let V”^ be the largest element in 
Qv- Then V = Vfi, since G Qv- 

Define a mapping $/?:¥—)■¥ by letting $_r(V) = $(V'^)_r ifV^ G Qz and letting 
‘^’r(V) = [Vt ifV^ = 22 - I'a particular $_R(Vr) = Vt- 

We thus have the iterator M/j = (V, ^r, (Vq). 

Let V 5 = V \ {Vt}, thus V G Yg if and only if V”^ G Qz- 
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Lemma 9.7 (1) Let V G V 5 and so Q = G Qz. Then $(Q) is a reduction of 
Q with A(Q) = R and $_r(V) is an R-reduction ofV. 

(2) Let Q G Qz with A(Q) = R. Then Q = {Qr^ and ^r{Qr) = ^{Q)r. 

Proof This is the same as the proof Lemma \9.5\. □ 

Let Qr = {Q G Qz '■ Q = V'^ for some V G V 5 }. Then as above thee is a bijective 
mapping Sr : Qr —)■ V5 such that Sr(Q) = V whenever Q = . The inverse of 

Sr is the bijective mapping 'Jr : V5 —)■ Qr given by 7_r(V) = for all V G V5. 

Lemma 9.8 Qr = {Q G Qz : is a reduction of Q with A(Q) = R}. 

Proof This is the same as the proof of Lemma \9.(A □ 


Lemma 9.9 The sets U and Y are disjoint and UU V ~ Q. 

Proof It is clear that U and Y are disjoint and by Lemmas \9.(^ and \9.8\ and (since 
there are bijections ■Jr : U 5 —>■ Q^ and Jr : Ys Qr) it then follows that 
U 5 U Ys ~ Qz- Thus U U V ~ Q, since U = U 5 U {Ut}, Y = Ys U {Vt} and 
Q = Qz U {Q2; Qt}- n 


Lemma 9.10 The iterator Mr is an L-reduction and Mr is an R-reduction. 


Proof By Lemma l975\ (1) ^r{U) is an L-reduction ofU for each U E Vs and by 
Lemma\^7f^ (1) $r(V) is an R-reduction ofV for each V G Ys- It remains to show 
that the iterators Mr and Mr are minimal and by Pro'position \9. ,91 this amounts to 
showing that U ~ L and V ~ i?. By Proposition \9.tA Q k, I, L YiV and R ^Y. 
Also by Lemma 1 .9. .91 U and Y are disjoint with U U V ~ Q, and of course L and 
R are disjoint with L\J R = I. Suppose L -< U; then I = LUR-<VUY^Q and 
this contradiction implies that U ~ L. In the same way V ~ i?. □ 


IfU is an L-partition and V an R-partition then the I-partition Q with Qr = U 
and Qr = V will be denoted byU -\-V. If Q E Qs then Q = Qr + Qr and Qr E U 
and Qr E Y. Let Q be an I -partition with Q = U V and let fR : U ^ X and 
fR-.V^X be mappings. Then there is a mapping fr® fn '■ Q X defined by 


ifi © fR){J) 


fR{J) tfJEU, 
fR{J) tfJEV. 


Consider the mappings given by Proposition \9.4\ for Q, U and Y. Thus for each 
Q G Q there is the mapping luq : Q ^ X , for each U E V there is the mapping 
ojy -.U ^ X and for each V G V there is the mapping : V —)■ X. 
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Lemma 9.11 Let {xp,... ,Xq) be a \p,q]-tuple. Then ujq = ojq^ ® 

Q E Qs o-'nd ujQ^ = . Thus 

•R{Xp,...,Xq) = {•R^{Xp,...,Xt)) • (•R^(X/(i),...,Xg)). 

Proof Let Q' = {Q G Q 5 : Wq = oJq^ © and so Qq E Q'. Let Q E Q' H Qz■ 
If A(Q) = L then by LemmalEE (2) $(Q) = $(Q)l + = ^’l(Ql) + Qr 

and thus a;$(Q) = © oJq^ = exactly the same way, if 

A(Q) = R then by Lemma\9^ (2) $(Q) = $(Q)l + = Ql + ^r{Qr) and 

hence u^q) = This shows that $(Q) G Q'. 

Thus Q' is a ^-invariant subset of Q containing Qq and so Q' = Qs- Therefore 
OJQ = ojq^ © ojqj^ for all Q E Qs- Finally, Qt = $(Q 2 ) = + {-R}) and it 

follows that ojQ^ = ti;$(Q 2 ) = . □ 

Proof of Theorem A9.2[ - If B is any non-empty finite set then by Lemma (27^ there 
exists an I-reduction with I k, B. For each non-empty finite set B let P{B) be 
the statement that •M.{xp ,..., Xq) = •{xp ,..., Xq) holds for each I-tuple {xp ,..., Xq) 
whenever M is an I-reduction with I k, B. Note that if Bi ^ B 2 then P(-Bi) holds 
if and only ifP{B 2 ) holds. Suppose there exists a non-empty finite set B for which 
P{B) does not hold and let S denote the set of non-empty subsets C of B for which 
P(C') does not hold. Then S is non-empty and so by Proposition I i. ,91 it contains a 
minimal element D and D contains at least two elements, since P({a}) holds for 
each element a, because if I = {a} then there is only one I-reduction. If D' is any 
non-empty finite set with D' -< D then P{D') holds. 

Now let I = \p, q] with I ^ D. Since P(-D) does not hold there exists an I-reduction 
M and a [p, q\-tuple {xp,..., Xq) such that •^(xp,..., Xg) 7 ^ •{xp,..., Xg). Then by 
Lemma \9M\»T^{xp, ...,Xq) = {•R^ixp,.. .,Xt)) • (•R^(xi+i,.. .,Xq)) and L D, 
R D. Thus P(T) and P{R) hold and so 

•r(Xp, ...,Xq) = {•{Xp, ...,Xt)» (•(Xt+i, ...,Xq). 

Hence by Theorem \9. 1\ •p ixp...., Xq) = •(xp,..., Xq), and this contradiction shows 
that P(-B) holds for each non-empty finite set B. Therefore 

•m(Xp, ...,Xq) = •(Xp, ...,Xg) 

for each I-tuple (xp,..., Xg) and each I-reduction M. □ 











10 Binomial coefficients 


For each finite set A and each B C A denote the set {C G V{A) : C ~ B} by 
AAB and so A AB G P{V{A)). The set AAB plays the role of a binomial 
coefficient: If \A\ = n (with |A| the usual cardinality of the set A) and \B\ = k 
then \AAB\ = (2). In this section we establish results which correspond to some 
of the usual identities for binomial coefficients. 

If A, B and C are finite sets then we write C ^ AA B if there exist disjoint sets 
A' and B' with A ^ A', B B' and C ^ A' U B'. (It is clear that whether this is 
the case does not depend on the choice of A' and B'.) 

The following theorem corresponds to the identity 

In +1\ / n \ /n\ 

\k+i) ^ \k+i) ^ Uy 

which is used to generate Pascal’s triangle. 

Theorem 10.1 Let A be a finite set and B be a proper subset of A. Let a be an 
element not in A and let b E A \ B. Then 

(A U {a}) A{BU {a}) ^ (A A 5) U (A A (5 U {b})). 

Proof Put D = {A{J {a}) A (5 U {a}), Da = {C E {AU {a}) A (5 U {a}) : a E C} 
and Dh = {C G (A U {a}) A (5 U {a}) : a ^ C}, so D is the disjoint union of Da 
and Dh. Let C G (A U {a}) A{B U {a}). Then C C A U {a} with C ~ -B U {a}. 
If C E Da then C = C \ {a} C A and C k, B and in this case C E AAB. 
If C E Db then C G A and C ~ -B U {b} and in this case C E A A (i? U {&}). 
There is thus a mapping a : Da ^ A A B given by a{C) = C \ {a} and a mapping 
fi ■. Db ^ A A {B U {6}) given by (3{C) = C. Let C E AAB. Then C C A with 
C ^ B and so C U {a} C A U {a} with C U {a} ^ B U {a}. Hence C U {a} G Da 
and therefore there is a mapping a' : A A {B ^ Da given by a'{C) = C U {a}. 
Now let C E AA{B U {6}). Then C C A with C ~ (-B U {&}) and so C U {a} C 
A U {a} with C ~ (-B U {a}). Hence C E Db and therefore there is a mapping 
fi' ■. A A{BVJ {b} -E Db given by fi'{C) = C. 

It follows immediately that a' is the inverse of a and that (3' is the inverse of 
fl. Thus the mappings a and (3 are both bijections. Therefore Da ~ AAB and 
Db ^ A A B U {b} which shows that 


(AU{a}) A(5U{a}) = D = DaADb^ (A A 5) U (A A (5 U {6})) . □ 
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If C is a finite set then, as in Section\^ let Sc denote the set(group) of bijections 
h C ^ C. If B is a subset of a finite set A then let Ib,a denote the set of injective 
mappings k : B ^ A. Note that I a,a = Syi, I 0 ^a = { 0 } o,nd I{a },a ~ A for each 
a G A. 


Theorem 10.2 Let B be a subset of a finite set A. Then Ib,a ~ {AAB) x S^- 

Proof Let u : Ib,a {AAB be the mapping with u{k) = k{B). Then u is 
surjective and so by Lemma fKdl there exists a mapping v : {A A B) ^ Ib,a with 
u{v){C) = C for all C E {A A B) (and v is injective). 

Let k G Ib,a; then k{B) E A AB and therefore there exists a bijective mapping 
tk B ^ k{B). (Note that tk is not unigue unless B is empty or contains only one 
element.) If ki, k 2 E Ib,a with ki{B) = k 2 {B) and h = ( 42 )”^ ° 4i then h E Sb 
and k 2 o h = ki. On the other hand, if there exists h E Sb with k 2 o h = ki then 
ki{B) = k 2 {B). Therefore ki{B) = k 2 {B) if and only if there exists h E Sb such 
that k 2 o h = ki. Note that if there exists if h E Sb such that k 20 h = ki then h is 
unigue. 

Now ifCEAAB then v{C) is the unigue element in Ib,a with v{C){B) = C. In 
particular, it follows for each k E Ib,a that v{k{B)) is the unigue element of Ib,a 
with v{k{B)){B) = k{B). For each k G Ib,a there thus exists a unigue element 
Sk E Sb such that k = v{k{B)) o Sk. Define G : Ib,a -E {A A B) x Sb by letting 
G{k) = {k{B),Sk). Let {G,h) E {A A B) x Sb and put k = v{G) o h. Then 
k E Ib,a with k{B) = (t(C) o h){B) = {v{G){B) = G and Sk = h, since Sk is 
uniguely determined by the reguirement that k = v{k{B)) o Sk. This shows that 
G is surjective. Now let j, k E Ib,a with G{j) = G{k). Then j{B) = k{B) and 
Sj = Sk and hence j = v{j{B)) o Sj = v{k{B)) o Sk = k.This shows that G is 
injective and therefore G is a bijection, i.e., Ib,a ^ (AAB) x Sb- □ 


Proposition 10.1 Let B be a non-empty subset of a finite set A, let b E B and 
put B' = B U {b}. Then Ib'a ~ Ib,a x {A\ B). 

Proof Let r : Ib',a Ib,a be the restriction mapping. Then r is surjective, since 
B ^ A. For each j E Ib,a 

letp{j) = {k E Ib',a '■ L(fc) = j}. Now j{B) ^ B and for each c E A\j{B) there is 
a unigue k G p{j) with k{h) = c. Hence p{j) ^ A\B and so let Sj : p{j) -E A\B 
be a bijection. Define t : Ib',a —^ by t{k) = Sj{k{b)), where j = r{k). Now 

define R : Ib'a Ib,a x {A\ B) by R{k) = {r{k),t{k)) for each k E Ib',a- Let 
ki, ^2 £ Ib',a with R{ki) = R{k 2 ). Then r{ki) = r{k 2 ) and t{ki) = t{k 2 ). Thus 
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p{r{ki)) = p{r{k 2 )) and Sj{{ki{b)) = Sj{k 2 {h)), where j = r{ki) = r{k 2 ). Hence 
ki{b) = k 2 {b) and so ki = k 2 , i.e., R is injective. Now let {j,C) G Ib,a x {A\B) 
and let k = (sj)“^(C). R follows that R{k) = {r{k)R{k)) = (j, C) and so R is 
surjective. Therefore R is a bijection and hence Ib'a ~ Ib,a X {A\B). □ 

The choice of the bijections Sj, j G Ib,a in the above proof can be made more 
explicit with help of Lemma 1^.51 - Let A be the set of all subsets C of Ib',a with 
C ^ A\B and let A be the set of all bijections q : C ^ A\B with C E A. Define 
u : A ^ A by letting u{q) be the domain of q. Then u is surjective and so by 
Lemma there exists a mapping t : A —)■ A with uov = idA- For each j G Ib,a 
put Sj = v{p{j)). 

Proposition 10.2 Let A be a finite set, let a ^ A and put A' = A VJ {a}. Then 
Sa' ^ X A'. 

Proof Let p G Sa' and suppose that p{a) ^ a. Then there exists a unique element 
Cp E A with p{cp) = a. Define A[p] -. A ^ A by letting \[p]{d) = p{d) if p{d) E A 
and A[p](cp) = p{a), and thus A[p] G Sa- Ifp{a) = a then let A[p] be the restriction 
ofp to A. Define A : Sa' ^ Sa x A' by putting A{p) = (A[p],p(a)) for eachp E Sa'- 

Let p, q E Sa' with A(p)) = A(g). Then A[p] = A[g] and p{a) = q{a). Assume first 
that b = p{a) ^ a and put r = A[p]. Then r[cp) and r[cq) are both equal to b and 
hence Cp = Cq since r is a bijection. But if d ^ Cp then r{d) = p{d) = q{d) and 
it follows that p = q. If p{a) = a thenX[p] is the restriction of p to A and A[g] 
is the restriction of q to A and it again follows that p = q. This shows that A is 
injective. 

Now let q E Sa and b E A; then there exists a unique bq E A with qibq) = b. 
Define u)[q,b] : A' —)■ A' by u[q,b]{c) = q{c) if c E A \ {bq}, u[q,b]{bq) = a and 
u[q,b]{a) = b, so oj[q,b] E Sa'- Then 

(A(w[g,6]) = {X[uj[q,b]],uj[q,b]{a)) = {X[uj[q,b]],b) = (A[r],6) = (s, 6), 

where r = uj[q,l)\ and s = A[r]. Thus r(c) = g(c) if c E A \ {bq}, r{bq) = a 
and r{a) = b (and where q{bq) = b). Also s{d) = r{d) if s{d) G A \ {c^} and 
s(cr) = r(a) (and where r{cr) = a). Since r(ca) = r{bq) = a and r is a bijection 
it follows that bq = c^. Therefore s{d) = r{d) = q{d) for all d E A \ {c^} and 
s{cr) = r{a) = b = qibq) = q{cr) and hence s = q, i.e., A{u[q,b]) = {q,b). 
Moreover, it is clear that A(g') = (g, a) for each q E Sa, where q' is the extension 
of q to Sa' with q\a) = a. This shows that A is surjective and hence it is a 
bijection. In particular, Sa' ~ Sa x A'. □ 
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Lemma 10.1 Let B be a non-empty subset of a finite set A , let b E B and put 
B' = B U {6}. Then Ib',a x ^a\b' ~ Ib,a x Sa\b- 

Proof By Pro'position \lU.l\ Iw a ~ Ib,a x {A\B) and by Proposition MU.^ it follows 
that Sa\b ~ Sa\b' X {A\B). Therefore 

Ib',a X Sa\b' ~ Ib,a X {A\B) X Sa\b' ~ Ib,a x Sa\b ■ □ 

Theorem 10.3 Let B be a subset of a finite set A. Then ~ Ib,a x Sa\b- 

Proof Let S denote the set of subsets B of A for which ~ Ib,a x Sa\b- Then 
0 E S, since I^^a = Let B E and b E A \ B; put B' = B U {b}. Then 

Sa ~ Ib^a X Sa\b and so by Lemma VlO.L S a ~ Ib',a x Sa\b'- Hence B' E S, which 
shows that S is an inductive A-system. Therefore S = V(A) and in particular 
A E S, i.e., Syi ~ Ib,a x Sa\b- □ 

If B is a subset of a finite set A then by Theorem \10.3\ Syi ~ Ib,a x Sa\b and so 
there exists a bijective mapping : Sa —!■ Ib,a x Sa\b- However, there does not 
seem to be a natural candidate for the mapping h. 

The following theorem corresponds to the usual expression for binomial coefficients: 

f n\ nl 

\mJ ml ■ (n — m)\ 

Theorem 10.4 Let B be a subset of a finite set A. Then 

Sax{AAB)^SbxSa\b. 

Proof By Theorem M 0. 2\ In a (A A B) x Sb by Theorem MO.Sl S a I^ a x Sa\b- 

Therefore Sa ~ Ib,a x Sa\b ^ {A A B) x Sb x Sa\b. □ 

The remark following Theorem \10.3\ also applies here: There does not seem to be 
a natural candidate for a bijective mapping h : Sa x {A A B) ^ Sb x Sa\b- 

Theorem \10.,I\ below corresponds to the following well-known identity for binomial 
coefficients 



which holds for all 0 < k < m < n. 


fn\ Ln — k\ 
\kJ \m — kj 
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Theorem 10.5 Let A, B and C be finite sets with C <Z B <Z A. Then 
(AAB) X (BAC) ^ (AAC') X ((A\C') A(B\C')) . 


Proof By Theorem \1U.4\ we have 


SaxSbX (AAB) X (BAC) ^ x Sa\b x Sc x Sb\c 

and Sa X Sa\c x {AAC) x {{A\C)A{B\C)) ^ Sc x Sa\c x Sb\c x Sa\b 
and therefore by Proposition \2.1 1\ (cancellation law for finite sets) 

Sa X {A A B) X {B AC) Sa\b x Sc x Sb\c ~ Sc x Sb\c x Sa\b 

and Sax{AAC)x ((A \ C)A {B \ C)) ^ Sc x Sb\c x Sa\b 


and hence 


Sa X {AAB) x {BAC) ^ Sa x {A AC) x {{A\C) A{B\C)) . 
Again making use of Proposition \2H\ it follows that 

{AAB) X {BAC) ^ {A AC) x {{A \ C) A {B \ C)) . □ 

Theorem \1U.5\ implies there is a bijective mapping 

h : {AAB) X {BAC) {A AC) x {{A \ C) A {B \ C)) 


but once again there does not seem to be a natural candidate for this mapping. It is 
worth noting that in many text-books the following simple combinatorial argument 
is often used to justify the identity 



The left-hand side is the number of ways of first choosing m objects from a set of 
n objects and then choosing from these m objects a subset of k objects. But this 
is the same as first choosing k objects from the set of n objects and then choosing 
m-k objects from the remaining n-k objects, which is the right-hand side. 

The combinatorial argument would seem to suggest how a bijective mapping h could 
be defined but it is not clear how to implement this. 









11 Dilworth’s decomposition theorem 


In this section we prove Dilworth ’s decomposition theorem by modifying a proof 
due to Galvin If to work with the present treatment of finite sets. 


It is well-known that Dilworth’s theorem can be used to provide straightforward 
proofs of further important combinatorial results such as the theorems of Konig, 
Menger, Konig-Egevdry and Hall. (See, for example If- 

Recall that the set of non-empty subsets of a set E will be denoted by Vq{E) and 
that by a partition of E we mean a subset Q of Vq{E) such that for each e E E 
there exists a unigue Q E Q such that e E Q. In particular, different elements 
in a partition have to be disjoint. The only partition of the empty set 0 is the 
empty set 0 = Vo{0). If A is finite then by Pro'positions \2.tA a,nd \l.l\ any partition 
of A is also finite. To each partition Q of a set E there is the evaluation map 
iQ ■. E ^ Q, where iQ^e) is the unigue element in Q containing e. If D C E then 
the restriction of iQ to D will be denoted by iQ. 

Recall that a partial order on a set E is a mapping <\ E x E such that e < e 
for all e E E, ei < 62 and 62 < ei both hold if and only if ei = 62 , and ei < 63 
holds whenever ei < 62 and 62 < 63 for some 62 E E, and where as usual ei < 62 
is written instead of < ( 61 , 62 ) = T . A partially ordered set (or poset) is a pair 
{E, <) consisting of a set E and a partial order < on E. A finite poset {A, <) is 
a poset [A, <) with A a finite set. 


If {E, <) is a poset and D a non-empty subset of E then d E D is said to be 
a maximal element of D if d itself is the only element e E D with d < e. By 
Proposition \2. 14\ every non-empty finite subset of E possesses a maximal element. 


Let {E, <) be a poset. A subset C of E is called a chain if any two elements in 
C are comparable, i.e., if c < d or d < c for all c, d E C. If a chain possesses 
a maximal element then this is unigue, and so will be referred to as the maximal 
element. 


A partition C of a subset F of E will be called a chain-partition of F if each element 
in C is a chain. A subset D of E is called an antichain if no two distinct elements 
in D are comparable, i.e., if neither d < d' nor d' < d holds whenever d, d' E D 
with d ^ d'. If D <Z F then we say that D is an antichain in F. 


Lemma 11.1 Let {E,<) be a poset and F G E. If C is a chain-partition of F 
and D is an antichain in F then D 

In particular, if C is a chain-partition of E and D is an antichain then D 
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Proof Each chain C ^ C can contain at most one element of D and hence the 
restricted evaluation mapping i^ ■. D ^ C is injective. □ 

The following important result is Dilworth’s decomposition theorem As stated 
at the beginning of the section, the proof presented here is due to Galvin m 

Theorem 11.1 Let (v4, <) he a finite poset. Then there exists a chain-partition 
C of A and an antichain D such that D k,C. 


Proof We first need some preparation, and throughout the proof assume that {A, <) 
is a finite poset. 


Let us say that a subset B of A is regular if there exists a chain-partition C of B 
and an antichain D in B such that D ^ C. We thus need to show that A itself is 
regular. 


Let B be a regular subset of A. If C and C are chain-partitions of B and D and 
D' are antichains in B with D k. C and D' ^ C then D k, D' k. C k, C', since by 
Lemma Jl 1. 1\ D P C ^ D' and D' P C ^ D and hence by Theorem jS.fl D ~ D'. 
We call C and C minimal chain-partitions of B and D and D' maximal antichains 
in B. If C is a minimal chain-partition of B then a chain-partition C of B is 
also minimal if and only ifC'^C. In the same way, if D is a maximal antichain 
in B then an antichain D' in B is also maximal if and only if D' k. D. If C is 
any minimal chain-partition of B and D any maximal antichain in B then the 
restricted evaluation mapping i^ '■ D ^ C is a bijection. 


Lemma 11.2 Let E be a subset of A such that every subset of E is regular. Then 
there exists a maximal antichain in E and for each d & a minimal chain- 
partition Cd of E such that the chain in Cd containing d has d as its maximal 
element. 


Proof This holds trivially if E = 0 and so we can assume that E is non-empty. 
Denote the (non-empty) set of maximal antichains in E by V and let A be the 
union of all the sets in D, i.e., A = {e E E : e E D for some D E V }. 

Now fix an arbitrary minimal chain-partition C of E. Eor each C E C the set AoC 
is non-empty (since it contains an element from each set in D), thus let me be the 
maximal element in A fl C*. Einally let D^ be the set consisting of the elements 
me, C E C. 

We show that D^ is a maximal antichain in E: Let Ci, C 2 E C with Ci 7 ^ C 2 . 
Then there exist Di, D 2 E T> such that me^ is the unigue element in Ci fl Di and 
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mc2 the unique element in C2 H D2. Let 612 be the unique element in Ci fl D2 
and 621 the unique element in C2 H Hi. Then 612 < iRcu since 612 G A fl Ci and 
mci is the maximal element of this set, and in the same way 621 < 'pic2- if 

A 'IRC2 then it would follow that 612 < rnc2, which is not possible since 612 
and mc2 o,re distinct elements of the antichain H2. The same argument shows also 
that mc2 A ^Ci ts not possible, and hence H* is an antichain. Clearly H* C H 
and H* C, since each chain in C contains exactly one element of D^. Therefore 
H* is a maximal antichain in E. 

Now for each d E we obtain a new minimal chain-partition Cd of E. Let Cd be 
the chain in C containing d and put C'd = {c E Cd '■ c < d}, thus C'd is a non-empty 
chain. By assumption the set Ed = E \ C'^ is regular, and clearly H* \ {d} is an 
antichain in Ed. Suppose there exists an antichain D' in Ed with H* \ {d} -< D', 
i.e., with ^ D'. Then there is a subset D" of D' with D" k. and D” is 
antichain in Ed and thus also an antichain in E, i.e., D" is a maximal antichain 
in E. But this is not possible, since any maximal antichain in E intersects C'^. It 
follows that H* \ {d} is a maximal antichain in Ed. Let C'^ be a minimal chain- 
partition of Edi thus C'^ ^ D^ \ {d}. Finally Cd = {^’d} ® chain-partition of 

E andCd ~ C'^U{C'^} ~ = H*, i.e., Cd is a maximal chain-partition 

of E. Moreover, d is the maximal element of the chain C'^ in Cd. □ 


Let S be the set of regular subsets of A, and in particular 0 E S, since in this case 
the only chain-partition and antichain are empty. We will show that S = V{A) by 
applying Proposition \ 2 . 1 A To do this we must show that each non-empty subset 
E of A contains an element sp such that E E S whenever V{E \ C S, i.e., 

such that E is regular whenever each subset of E \ {s_f} is regular. 


Thus let E be a non-empty subset of A and take sp to be a maximal element of E 
(whose existence is guaranteed by Proposition \ 2 . 14 \ )- Suppose that each subset of 
E = F \ {sp} is regular. Then by Lemma Q i. ^1 there exists a maximal antichain 
in E and for each d E a minimal chain-partition Cd of E such that the 
chain in Cd containing d has d as its maximal element. 


Now if H* U {si?} is an antichain then it is immediate that E is regular, since 
Cd U {si?} is a chain-partition of E for any d E and Cd U {sit’} ~ H* U {si?}. 
Thus suppose that H* U {sj?} is not an antichain, and so there exists d E with 
d < sp (since sp is a maximal element of E). Then Cd U {sp} is a chain, since d 
is the maximal element in Cd and d < sp, which means {Cd \ Cd) U {Cd U {sf}) is 
a chain-partition of E. But {Cd \ Cd) U {Cd U {sf}) ^ Cd ^ and H* is also an 
antichain in E. It again follows that E is regular. 

Proposition I g. 1,51 now implies that S = V{A). In particular A G 5 and so A is 
regular. The proof of TheoremlTTT\ is complete. □ 
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In this section we give a further characterisation of a set being finite. This can 
be seen as having something to do with enumerating the elements in the set. Let 
us begin with a very informal discussion. Suppose we want to determine whether 
a given set E is finite or not. We could do this by marking the elements in E 
one at a time and seeing if all the elements can be marked in finitely many steps 
(whatever that means). At each stage of this process let us take a snapshot of the 
elements which have already been marked. This results in a subset U ofV{E) whose 
elements are exactly these snapshots; each U E U is a subset of E specifying the 
elements of E which have already been marked at some stage in the process. The 
empty set 0 is in U because we take a snapshot before marking the first element. 

The following definition will be employed to help make the above more precise. 
First some notation: A subset U of V{E) is called an E-selector if 0 E U and 
for each U eW there exists a unique element e E E\U such that U U {e} E U . 
The set U of snapshots should thus be an E-selector. Moreover, if E is finite then 
in the final snapshot all the elements of E will have been marked and so U should 
contain E. 

This suggests that a necessary condition for a set E to be finite is that there should 
exist an E-selector containing E. However, something is missing here since the 
condition as it stands is more-or-less vacuous since if U is any E-selector then 
U U {E} is also an E-selector which contains E. Thus the condition is just that 
there should exist an E-selector and it is clear that this does not ensure that the 
set E is finite since, for example, {[n] : n G N} is an N-selector for the infinite set 
N. 

To see what is missing we need another definition. If U is an E-selector then a 
subset V of U is said to be invariant if 0 eV and if V U {e} E V for all V E V^, 
where e is the unique element of E\V with V U {e} Ell. In other words, a subset 

V of U is invariant if and only if it is itself an E-selector. An E-selector U is 
said to be minimal if the only invariant subset of U is U itself. Note that any 
E-selector contains a unique subset which is a minimal E-selector and which can 
be obtained by taking the intersection of all its invariant subsets. 

Now consider the E-selector U described above whose elements are exactly the 
snapshots and let V be any invariant subset ofU. Then the process of taking the 
snapshots produces elements of U which start with the empty set 0 , which is in 
V, and then, given that the current snapshot is an element of V, will produce a 
new snapshot which is also an element ofV. (This follows from the definition of 

V being invariant.) The process of taking snapshots can therefore only produce 
elements ofU which lie in V. But if E is finite then this process produces all the 


102 



12 Enumerators 


103 


elements oflA, and so in this case we must conclude that V = U. This means that 
U must be a minimal E-selector. This suggests that a necessary condition for a 
set E to he finite is that there should exist a minimal E-selector containing E and 
such a minimal E-selector containing E will now be called an E-enumerator. 

It turns out this necessary condition is also sufficient: In Theorem \12.1\ it will be 
shown that an E-enumerator exists if and only if E is finite. 

Lemma 12.1 If A is finite then every A-selector contains A. 

Proof An A-selector U is a non-empty subset ofV{A) and thus by Proposition I i. ,91 
it contains a maximal element U*. But each U is not maximal, since there 
exists an element a E A\U with U U {a} G U. Hence U* = A, and so Li contains 
A. □ 

Note that if A is finite then by Lemma \12.1\ an A-selector is an A-enumerator if 
and only if it is minimal. 

Lemma 12.2 If A is finite then there exists an A-selector. 

Proof Let S = {B G 'P{A) : there exists a B-selector}. In particular 0 E S, 
since {0} is a 0-selector. Let B E and let a E A \ B; put B' = B U {a}. 
By assumption there exists a B-selector U which by Lemma U2.1\ contains B. It 
follows thatUU{B'} is a B'-selector and thus B' G S. This shows S is an inductive 
A-system and hence S = V{A), since A is finite. In particular A G 5 and so there 
exists an A-selector. □ 

Theorem 12.1 A set E is finite if and only if there exists an E-enumerator. 

Proof Suppose first that there exists an E-enumerator U and let S be an inductive 
E-system. ThenUnS is an invariant subset ofU and therefore UAS = U, sinceU 
is minimal. Thus U <Z S and in particular E E S. This shows that each inductive 
E-system contains E and hence by Lemma \1.‘A E is finite. Suppose conversely 
that E is finite. By Lemma \12.1\ there exists an E-selector and therefore there 
exists a minimal E-selector which by Lemma \1.2\ contains E. This shows that an 
E - enumerator lA exists. □ 

A subset U of V{E) is said to be totally ordered if for all Ei, E 2 E U either 
El C E 2 or E 2 G El. Note that a set E is finite if and only if there exists a totally 
ordered E-enumerator. This follows from the fact that the E-selector obtained in 
Lemma U 2. 21 is totally ordered. In fact in Theorem M2.2\ it will be shown that if A 
is finite then any A-enumerator is automatically totally ordered. 

Note that = {0} is the single 0-enumerator. 

















12 Enumerators 


104 


Theorem 12.2 If A is a finite set then an A-selector is minimal if and only if it 
is totally ordered and thus it is an A-enumerator if and only if it is totally ordered. 

The proof requires some preparation. Throughout the section A always denotes a 
finite set. 

For each E-selector U let eu : ^ E and Su ■ U \ {0} be the mappings 

with eu{U) = e and Su{U) = UU {e}, where e is the unique element in E\U such 
that U U {e} G Id. 

Lemma 12.3 Let Id he a totally ordered A-selector and let U, U' Eld. Then: 

(1) IF is a proper subset ofU if and only if suiU') C U . 

(2) IfU Eld^ then U' is a subset ofU if and only if it is a proper subset of SuiU). 

Proof (1) If SuiU') C U then U' is a proper subset of U, since euifJ') ^ U'. 
Conversely, suppose U' is a proper subset ofU. Then there is an injective mapping 
i : Su{U') —)■ U. Thus if U CL Su{U') then by Preposition \2.4\ U = Su{U') and in 
particular Su{U') C U. But either U C Su{U') or Su{U') C U, and thus in both 
cases Su{U') C U . 

(2) If U' <Z U then U' is a proper subset of suifJ), since euifJ) ^ U. Conversely, 
suppose U' is a proper subset of SuifJ). Then there exists an injective mapping 
i : U' ^ U. Thus if U <Z U' then U = U' and in particular U' <Z U. But either 
U C U' or U' CL U, and thus in both cases U' <ZU. □ 


Lemma 12.4 Let Id he a B-enumerator, where B is a non-empty finite set. Then 
uo = eu{0) G U for all U E Id \ {0} and Ido = {U \ {mq} ■ U E Id \ {0}} is a 
{B \ {uq}) -enumerator. Moreover, Id is totally ordered if and only if Ido is. 

Proof The set V = {0}U {U Eld : Uo E U} contains 0 and if U eV^ then either 
U = 0, in which case Uq E {mq} = Su{U), or U ^ 0, and then uq E U CL Su{U). 
Thus V is an invariant subset of Id and so V = Id, since Id is minimal. Hence 
Uo E U for all U E Id \ {0}. Now euifJ) 7 ^ uo whenever U E Id \ {0} (since 
euifJ) E B\U and Uq E U), and so Ido is a {B \ {uq})- selector. Moreover, if Vo 
is an invariant subset of Ido Vg = {0} U {U U {wg} : U E Vq} is an invariant 
subset of Id. Therefore Vg = Id, since Id is minimal, which implies that Vq = Ido. 
This shows that Ido is a {B\{uo})- enumerator. Finally, it is clear that Id is totally 
ordered if and only if Ido is. □ 
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Proof of Theorem \12.2\ Assume first there exists an A-enumerator whieh is not 
totally ordered. Then the subset S ofV{A) eonsisting of those subsets B for which 
there exists a B-enumerator whieh is not totally ordered is non-empty. Hence by 
Proposition \1.2\ S contains a minimal element B and B is non-empty since the 
only 0-enumerator is trivially totally ordered. There thus exists a B-enumerator U 
which is not totally ordered and then Lemma ll2.4\ implies that B\{uo} G S, where 
uq = eu{0). This contradicts the minimality of B and therefore the assumption 
that there exists an A-enumerator which is not totally ordered is false. In other 
words, each A-enumerator is totally ordered. 

For the converse let U be a totally ordered A-selector and suppose there exists an 
invariant proper subset V of U. Put S = U\ V. Then S is non-empty and hence 
by Proposition \1.2\ it contains a minimal element U^, and E* ^ 0, since 0 ^ S. 
Put IZ = {V G V : E C f/*}; then H is non-empty (since it contains 0) and 
therefore by Proposition \1.3\ TZ contains a maximal element U*. Thus U* C f/*, 
and in fact U* is a proper subset of U^, since E* G V and E* ^ V. Hence by 
Lemma fi 2 . ,91 (1) su{V*) C E*. But suifJ*) G V, since V is invariant, and so 
G IZ. However, this contradicts the maximality ofU* and we conclude that 
V = U. Therefore U is minimal, i.e., U is an A-enumerator. 

This completes the proof of Theorem \12.2[ □ 

If U is an A-enumerator then for each U E U the set U fl V{U) will be denoted 
by lAjj. Note that, as far as the definition of Ufj is concerned, Uu is considered 
here to be a subset ofVifJ) and so Ufj = {U' E U : U' is a proper subset ofU}. If 
U' G Ufj then bu Lemm.a \12..I\ fl ) suiU') E Uu and soUu is a U-selector. ButUu is 
clearly totally ordered and therefore by Theorem \12.2\ it is in fact a U-enumerator. 
If U eU^ and U* = Su{U) then by Lemma [12.A (2) Ufj,. =Uu. 

Lemma 12.5 If U is an A-enumerator then for all U eU 

U = {a E A : a = eu{U') for some U' E Ufj} . 

Proof Let V be the set consisting of those elements U E U for which the state¬ 
ment above holds, i.e., for which U = {a E A : a = euifJ') for some U' E Ufj}, 
and hence in particular 0 E V. Let U E and put E* = suifJ); then by 
Lemm,a U 2. A (2) 

Su{U) = U U {eu{U)} = {a E A : a = eu{U') for some U' E Uu } 

= {a E A : a = eu{U') for some U' E Ufj^ } 

and hence Su{U) = Lf„, eV. Thus V is an invariant subset ofU, and so V = U. 

□ 
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Proposition 12.1 If U is an A-enumerator then the mappings su ^ W\{0} 
and Bu '■ ^ A are both bijections. In particular, if U and V are A-enumerators 

then U . (This means, somewhat imprecisely, that any A-enumerator contains 
one more element than A.) 

Proof Let V = {0} U {U G U : there exists U' G such that U = su{U')}. Then 
0 G V and SuifJ) is trivially an element ofV for all U G lA^ , and so in particular 
for all U eV^. Therefore V is an invariant subset of Li and soV = Li. This shows 
that the mapping su is surjective. Now consider the mapping U ^ U with 
dy{A) = 0 and ^ufU) = Su{U) whenever U eU^ . Then s'^ is surjective, since Su 
is, and hence by Theorem. \2.1\ sf,j is bijective, since U is finite. It follows that Su 
is also bijective. 

Now to the mapping By. Let U, U' E with U ^ U'. By Theorem \12.2M A is totally 
ordered, thus either Lf dLf' or Lf dLf and so without loss of generality assume that 
U' C Lf. Therefore U' is a proper subset ofU, hence by Lemma Vl2.d\ (1) Su{U') C 
U and in particular BuifJ') E U. But BuifJ) ^ U, which implies that BuifJ) ^ 
BuiU'). This shows the mapping bu is injective. Moreover, by Lemma Yl 2 . ,51 (with 
U = A) A = {a E A : a = By{U) for some U E U^}, and thus the mapping Bk is 
surjective. □ 


Lemma 12.6 If B C A then there exists an A-enumerator U with B eU. 

Proof Let V be a B-enumerator and V be an {A \ B)-enumerator. Then by The- 
orem \12.B U = VU{-BUC':CgV'\ {0}} is clearly a totally ordered A-selector 
containing B and thus by Theorem \12.2\ it is an A-enumerator containing B. □ 

In what follows B is always a finite set. 

If U is an A-enumerator and V a B-enumerator then a mapping tt ■. U ^ V is 
called a homomorphism if 7i{0) = 0, TiiU^) C and n^SuiU)) = Sv( 7 r([/)) for 
allU eUP 

Proposition 12.2 If tt -. U ^ V is a homomorphism from an A-enumerator U 
to a B-enumerator V then vr(t/) ~ U for all U eU and vr maps U bijectively onto 

'^7v{A) • 


Proof Let Uq denote the set consisting of those Lf E U for which vr(f/') ~ Lf ' for 
all Lf G Uu and for which vr maps Uu bijectively onto Vn(u) ■ Clearly 0 eIAq since 
7 i{ 0 ) = 0 and U 0 = V^( 0 ) = {0}. 
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Consider U ^ Uq and put U* = Su{U); by Lemma \1 2 . ,91 (2) Uu* = Hu U {U*}- 
Now Ti{U*) = 'k{su{U)) = sv(7r(t/)) = 7r(E) U {c}, where c ^ U* = U U {d}, 

where d ^ U and 7i{U) ~ U, since U 6 Uu- It follows that vr(t/*) ~ U*, and hence 
'k{U') ^ U' for all U' G Uu*- Moreover, = Vsv( 7 r(u)) = V^(u) U {sv(7r(t/))}, 

7 r(t/*) = Sv(vr(E)) and vr maps Uu bijectively onto V-„[u)- It follows that tt maps 
Uu„ bijectively onto V-j^iu*)- This shows U* = SuiU) G Uq, and soUq is an invariant 
subset ofU- ThusUo =U and then by Lemm^a 112.1\ A eUo, i-e., vr(7/) ~ U for all 
U eU and vr maps U bijectively onto V-„(a) - D 

If 71 : U ^ V is a homomorphism as above then by Proposition \12-1\ 77{A) A. 
But 7 i{A) is a subset of B, hence 7r{A) ^ B and thus A ^ B. This necessary 
condition for the existence of a homomorphism is also sufficient: 

Proposition 12.3 If A :< B, U is an A-enumerator and V a B-enumerator then 
there exists a unique homomorphism vr : W —)■ V. 

Proof Let Uq denote the set consisting of those U E U for which there exists a 
homomorphism ttu '- Uu -E V. Clearly 0 eUq since U^ = {0} and U^ = 0- 

Consider Lf E U^ and let ttu : Uu -E V be a homomorphism- Now A ^ B 
and U is a proper subset of A and hence U Tjb B; it follows that 7iu{U) ^ B, 
since by Proposition \12-1\ Tindl) ^ U- Let U* = Si({U); by Lemma ri2-3\ (2) 
Uu* = UuC{U*} and so we can define tiu* ■ Uu* -eV by putting 77u*{U') = 7iu{U') 
if IT E Uu and letting 7 Tu*{U*) = Sv(vrt/(t/)) (recalling that 77u{U) ^ B). If 
IT E Ufj then IT E Uu and su{U') E Uu and thus 

T7u*{Su{U')) = 77u{Su{U')) = S^{77u{U')) = S^{77u*{lT)) . 

Also 7iu*{su{U)) = 7iu*{U*) = s\;{7iu{U)) = S\;{7iu*{U)) and Uu = Ufj*, and thus 
T7u*{.su{U')) = Sv(vr( 7 * ([/')) for all IT G Hence ttu* is a homomorphism and 
so Su{U) = U* E Uq- This shows Uq is an invariant subset ofU- It follows that 
Uq = U and then by Lemma Yl2-l\ B E Uq, which means that tt = ttb '- U ^ V is a 
homomorphism. 

It remains to consider the uniqueness- Let tt' : U ^ V be any homomorphism 
and put Uq = {U E U : vr'(f/) = 7r(f/)}. Clearly 0 E Uq and if Lf E Uq then 
7t'{su{U)) = sv(7r'(f/)) = Sv(7r(E)) = 7t{su{U)), i.e., Su{U) G Uq- ThusUo is an 
invariant subset ofU, and so Uq = U- This shows that tt' = tt, i-e., there is a 
unique homomorphism tt -.U ^ V. □ 

Theorem 12.3 If A th B, U is an A-enumerator and V is a B-enumerator then 
there exists a unique homomorphism tt : W —)■ V and tt maps U bijectively onto V. 
Moreover, tt{A) = B. 
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Proof This follows from Propositions \12.^ and \12.,‘A (Note that t^{A) is a subset 
of B with 7 r(y 4 ) A and A k. B and thus with ^(^4) ^ B. Hence by Theorem A2.2\ 
7r(A) = B.) □ 

An important special case of Theorem \12.,‘t\ is when there is a second A-enumerator 
W. There then exists a unique homomorphism n ■. Li ^ W, vr maps U bijectively 
onto W and 'n{A) = A. 

Let U be an A-enumerator. By Proposition \12.1\ the mapping ey ■. W ^ A is a 
bijection and so there is a unique binary relation < on A such that euiU) < eii{U') 
holds for U, U' G IP if and only ifU <ZU'. More explicitly, this means that a < a' 
if and only if efl{a) C e^^(a'), where ■. A is the inverse of the mapping 

eu. It is clear that < is a total order and it will be called the total order associated 
with U. 


Proposition 12-4 Let < be a total order on A and put La = {a' E A : a' < a} 
for each a E A (where as usual a' < a means that both a' < a and a' ^ a hold). 
Then U = {U G V{A) : U = La for some a E A} U {A} is an A-enumerator with 
^u{La) = a for each a E A. 


Proof We assume that A is non-empty, since the result holds trivially when A = 0. 
By Proposition \2.14\ the non-empty set A contains a unique <-minimum element 


ao and then La^ = 0, which shows that 0 E U. Let U E W and let a E A be 
such that U = La; put U' = U U {a}. If U' = A then a is trivially the unique 
element in A\U with U U {a} G U, so consider the case with U' ^ A. Then by 
Proposition 2.14\ the non-empty set A\U' contains a unique <-minimum element 
a'. Now Lf = {h E A -. h < a}, thus A\U' = {b E A : a < b} and so U' C La'. But 
a < c < a' for each c E La' \ Lf and hence La' \ U' = 0, since a' is the <-minimum 
element in {b E A : a < b}. It follows that U' = La', i.e., U U {a} G U. Suppose 
Lf U { 6 } G hi for some other b E A\U. Then U U { 6 } = Lb' for some b' E A 
(since Lf U {6} ^ A) and then a < b < a', since La C La' and b E La' \ La. But 
this implies a E La' and hence b = a, since a ^ La. Thus a is the unique element 
in A\U such that U U {a} G hi. This shows that hi is an A-selector (since it is 
clearly totally ordered) and that eu^La) = a for each a E A. Moreover, hi Hence 
by Theorem \12.2\ hi is an A-enumerator. □ 


If < is a total order on A then the A-enumerator hi given in Proposition \12.4\ will 
be called the A-enumerator associated with <. 


Theorem 12-4 (1) If < is the total order associated with an A-enumerator U 
then U is the A-enumerator associated with <. 

(2) If hi is the A-enumerator associated with a total order < on A then < is the 
total order associated with hi. 
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Proof (1) Let < he the total order associated with the A-enumerator Li and let V 
be the A-enumerator associated with <. Thus if U, U' G LP then euiU) < euifJ') 
if and only if U C. U'. Now V = {V E V{A) : U = La for some a G A} U {A}, 
where La = {a' & A ■. a' < a} for each a E A. Let U E and put a = euiU). 
Then 


La = {a' E A a' < a} = {h E A h = e^(E') for some U' E Ufj} 

and therefore by Lemma Yl2.^ L„ = U. It follows that V = Li. 

(2) Let U he the A-enumerator associated with the total order < and let <' he 

the total order associated with Li. Thus if U, U' E IP then there exist a, a' E A 

with U = La and U' = La' and by Proposition \12.4\ eu{U) = a and ei({U') = 

a'. Thus a <' a' if and only if Lf <Z Lf which means that a <' a' if and only 
if {b E A : b < a} C {b E A : b < a'}. Suppose a < a'. If b < a then 
b < a' and so {h E A ■. h < a} <Z {h E A ■. h < a'}. Conversely, suppose 

{b E A : b < a} C {b E A : b < a'}. Now either a < a' or a' < a and if 

a' < a then {h E A ■. h < a'} <Z {h E A ■. h < a} from which it follows that 

{b E A : b < a} = {b E A : b < a'} and this is only possible if a = a'. Therefore 

<' = <■ □ 

We end the section by looking at the relationship between enumerators and iterators 
and in what follows let I = (X, /, xq) be a fixed iterator, where for simplicity we 
assume that the first component X is a set. Let u be the assignment of finite sets 
in I. For the finite set A the element u{A) can be thought of as the analogue of 
the cardinality of A for the iterator I. Now the cardinality 1^41 of a finite set A can 
also be determined by counting or enumerating its elements and the analogue of 
this procedure can also be carried out in the iterator I. To explain what this means 
let us return to the informal discussion presented at the beginning of the section. 
There we determined whether A is finite or not by marking the elements in A one 
at a time and seeing if all the elements can be marked in finitely many steps. At 
each stage of this process we took a snapshot of the elements which have already 
been marked, which resulted in the A-enumerator U whose elements are exactly the 
snapshots. The set A being finite meant that A eU. 

Now suppose that each act of marking an element of A is registered with the iterator 
I. Each such act produces an element of X which can be considered as the current 
state of the registering process. Before the first element of A has been marked the 
current state is xq. If at some stage the current state is x then marking the next 
element of A changes the current state to f{x). 

This registering process can be regarded as a mapping au '-U. ^ X, where auifJ) 
gives the current state when the elements in the subset U have been marked. The 
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above interpretation then requires that au(0) = xq and au{su{U)) = f{au{U)) 
for all U G lA^. In Proposition M2.,^ it is shown that there is a unique mapping au 
satisfying these requirements. 

Since A is finite the registering process ends when all the elements in A have been 
marked and the final current state is then the element au{A) of X. Now if the 
analogy with the iterator (N, s, 0) and the cardinality |y4| is valid then we would 
expect that au{A) = uj{A) holds for each finite set. In fact this does hold, as is 
shown in Theorem \12.5[ 

Theorem \1 2. 5\ implies that ai 4 {A) does not depend on the A-enumerator U. This 
is the fundamental reason why counting makes sense: It does not matter in which 
order the elements in a finite set are counted; the same number always comes out 
in the end. 


Proposition 12.5 Let U be an A-enumerator. Then there exists a unique map¬ 
ping ay ■. hi ^ X with au{ 0 ) = Xq such that au{sy{U)) = fi^auiU)) for all 
U eUP. 

Proof This is essentially the same as the proof of Theorem \12.A Let Uq denote 
the set consisting of those U E hi for which there exists a mapping au ■ hiu X 
with au{0) = Xq and such that au{sy{U')) = f{au{U')) for all U' G hifj. Clearly 
0 EUq (since hi 0 = { 0 }). 

Consider U E Uq and let au '■ hiu -E- X be a mapping with au(0) = xq and 
such that au{sy{U')) = f{au{U')) for all U' E Ufj. Write U* for Su{U); by 
Lemma \'12.A\ (2) hiu* = hiu U {U*} and so we can define au* ■ hiu* -E- X by putting 
au*{U') = au(U') if Lf E hiu and letting au*(U*) = f{au{U)). If Lf E hifj then 
U' G hiu and SyiU') E hiu and thus 

au*isu{U')) = auisuiU')) = fisuiU')) = /K*(E')) • 

Also au*{su{U)) = au*{U*) = f{au{U)) = f{au*{U))) and hiu = hiu*, 
(^u*{^u{U')) = f{oiu*{U')) for all U’ E hifj*. Hence Sy{U) = U* eUq. This shows 
Uq is an invariant subset of hi. Thus Uq = hi and then by Lemma U2.1\ A E Uq, 
which means there exists a mapping ay -.hi ^ X with ay{0) = Xq and such that 
ay{sy{U)) = f{ay{U)) for all U E W. 

It remains to consider the uniqueness. Let a^ : hi ^ X be any mapping with 
ay(0) = Xq and such that ay{sy{U)) = f{ay{U)) for all Lf E UP and consider 
the set Uq = {Lf E U : ay{Lf) = ay{Lf)}. Clearly 0 E Uq and if U E Uq then 
a'^isyiU)) = /K(f/)) = f{ay{U)) = ay{sy{U)), t.e., SyiU) E Uq. Thus Uq is 
an invariant subset of U , and so Uq = U . This shows that a'^ = ay. □ 
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The mapping au '-U ^ X in Proposition \12.5[ will be referred to as the U-valuation 
in I, or just as the U-valuation if it is clear which iterator is involved. 

The uniqueness of the U-valuation implies that for each U eU the Uu-valuation 
aujj is just the restriction of au to Uu, i.e., aujj '■ Uu X is the mapping with 
au^iU') = au{U') for all U' eUu- 

Proposition 12.6 Let U he an A-enumerator and V a B-enumerator. Suppose 
APB and so by Proposition \12.3\ there exists a unique homomorphism tt -.U ^V. 
Then ay = a\> o n (with ay the U-valuation and ay the V-valuation). 

Proof The mapping ay o n -.U ^ X is also a U-valuation since 

{ay07l){sy{U)) = ay{7l{Sy{U))) = ay{Sy{7l{U))) = f{av{7l{U))) = / ( (tty O Tt) (f/) ) 

for all U G U^, and (ay o 7r)(0) = ay(7r(0)) = ay(0) = 0. By the uniqueness of 
the U-valuation it therefore follows that ay = ay o-n. □ 


Proposition 12.7 If A ^ B then ay{A) = ay{B) for each A-enumerator U and 
each B -enumerator V. In particular, ay{A) = ayi{A) for all A-enumerators U 
and W. 

Proof By Theorem \12.S\ there exists a unique homomorphism ■. U V which 
maps U bijectively onto V, and t^{A) = B. Also, by Proposition \12.(]\ au = ay o vr 
and therefore ay{A) = ay{ 71 (A)) = ay{B). □ 


Theorem 12.5 For each A-enumerator U we have ay (A) = u{A). 


Proof If U and W are A-enumerators then by Proposition \12. l\ ay{A) = ay/(A) 
and hence the element ay (A) of X does not depend on which A-enumerator U 
is used. Denote this element by uj,,{A). By the uniqueness of the valuation it is 
enough to show that the assignment A 1 —)■ a;*(A) is a valuation. Now ifU^ is the 
unique 0-enumerator then U^{0) = xq and so u^{0) = Xq. Thus consider a finite 
set A and let a be an element with a ^ A; put A' = 74u{a}. By Lemma \12.b\ there 
exists an A' -enumerator W with A&W and then A' = syi{A), since a is the only 
element in A' \ A. Moreover is an A-enumerator and ay^ is the restriction of 
ayt to lA'j^ and so 


Ci;*(y4') — ayi{A) — ayi{syi{A)) — f{ay{A)) — f{ayi (A)) — f{uj^{A)). 
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Hence w* is a valuation and therefore w* = uj, i.e., au{A) = uj{A) for each finite 
set A and each A-enumerator U. □ 


Consider the case with A ^ 
By Proposition \12.'7\ au{A) 


B. Let lA he an A-enumerator and V a B-enumerator. 
= ay{B) and hence by Theorem \12.,5\ 


u{A) = au{A) = av{B) = uj{B) . 
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